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P R E F AC E 



An experience of more than fifteen years, in teaching 
large Classes in the U. S. Military Academy, has afforded 
the Author of the following pages unusual opportunities to 
become familiar with the difficulties encountered by most 
pupils, in the study of the Differential and Integral Calcu- 
r- lus. The results of previous endeavours to remove these 

4.» difficulties were given to the PubKc in a former edition. 

^ The favour with which that editi(»i has been receiv^, in- 

^'* duces him to offer a new one, containing, not only such 

modifications as have been suggested by a thorough trial 
in the recitation room, but, in addition, an elementary trea- 
tise on the Calculus of Variations. That he has, in some 
degree, realized the hope of advancing a more general and 
thorough study of one of the most important auxiliaries to 
scientific research, is an ample reward for the labour 
which he has bestowed upon the work. 

The Author has in preparation, and expects soon to 
publish, an Elementary Treatise on Analytical Geometry. 

U. S, MilUary Academy^ 
West Point, N. Y., August 1, 1850. 
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DIFFERENTIAL CALCULUS. 



FIRST PRINCIFLBS. 

1. In the branch of Mathematics here treated, as in Analytical 
Geometry, two kinds of quantities are considered, viz. variables and 
constants ; the former admitting of an infinite number of values in 
the same algebraic expression, while the latter admit of but one. 
The variables are generally designated by the last, and the con- 
stants by the first letters of the alphabet. 

2. One variable quantity is a function of another, when it is so 
connected with it, that any change of value in the latter necessa- 
rily produces a corresponding change in the former. Thus in the 
expressions 

u=:bx au* = ca^ 

uis & function of a;, and x is also a function of u. One of these 
variables is usually called the function, and the other the indepen- 
dent variable^ or simply tke variable ; since to one, any arbitrary 
values may be assigned^ and from the connection between thd 

two, the corresponding values of the other deduced, 

1 



2 DIFFERENTIAL OALOULUS. 

This relation is expressed generally thus, 

u=f{x) u = <p{x) or /(tt, a?) = 0, 

/ and 9 being mere symbols, indicating that tt is a function of x. 
The first two expressions are read, n a function of x, or u equal to 
^a function of x ; and the third, a function of u and x equal to zero. 



3. Functions are Increasing and Decreasing : 

Increasing^ when they are increased if the variable be increased, 
or decreased if the variable be decreased: Decreasing when i^ej 
are decreased if the variable be increased, or increased if the va- 
riable be decreased. In the expressions 

u = €ux^ tt = (a? + a)\ 

« is an increasing function of x. In the expressions 

y = - y=z{a^xy 

x 

3^ is a decreasing function of x. In the expression 

if is a decreasing function for all values of y less than a, but in- 
creasing for all values greater than a. 



4. Functions are also Explicit and Implicit : 

Explicit^ when the value of the function is directly expressed in 
terms of the variable : Implicit^ when this value is not directly 
expressed* In the examples 

u ^ (a — a?)' y = Va^ — s? 

u andy are explicit functions of x. In the examples 
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au^ + bx ■= cg^ y* ss o' — a!* 

aw* + &« — ca:* = y" + x* — a* = 0, 

they are ini^licit functions of x. 

The relation between an implicit function and ite yariable may 
be expressed, either by a single equation, as above, or by two <»r 
more equations, as 

u= af y* = fta?, 

in which v is an implicit function of x. The first relation is indi- 
cated g^ierally by 

and the other thus, 

«*=/(y) y = 9(4 

5. Functions are also Algebraic and TrantcendenUd : 
Algebraic^ when the relation between the function and variable 
can be expressed by the ordinary operations of Algebra, that is, 
by addition, subtraction, multiplication, division, the formation of 
powers denoted by constant exponents, and the extraction of roots 
indicated by constant indices : Transcendental, when this relation 
cannot be so expressed. In the examples 

u = log X tt =: sin (a — x) u ses <f 

t^ is a transcendental function of x. If the variable enter any of 
the exponents, the function is called Exponential, If the lo- 
garithm of a variable enter, the function is Logarithmic. In the 
expressions 



« = sind7 t£ = cosa? w = tang - 
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V 

u is said to be a Circular, function. 

6. Aquimtity may be a function of two or more variables, as 
in the examples 

denoted in general thus, 

«=/(a:,y) « = F(a:,y,M). 

If in a function of a single variable, the latter be made equal to 
zero, the function reduces to a constant, as in the examples 

« = ay* a = c + Ja;^ ; 

if y = 0, we have « = ; if a? =: 0, tt = c. 

If in a function of two variables, one be made equal to zero, the 
function, in general, reduces to a function of the other. So in a 
function of three variables, if one be made equal to zero, >the result 
will be a function of the oth^r two : K all be zero, the function 
reduces to a constant ; as in the example 

u=sax + h^ + C7f + dj 

2j = gives 

; u — ax + h^ + d=f{xjy); ^ 

« = and y = give 

V = ox + d =/(a?); 

jB = 0, y = 0, and « = 0, give 

I 
I 

tt = d = a constant 

I 

; If then in a function of one or more variables, a variable be 

I Blade equal to aero, the result will be entirely independent of that 
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variable. K howeyer in a fdnction of several variables, one be a- 
factor of all the terms containing any of the others ; when this 
variable is 0, the function reduces to a constant, as in the example 

u=zc + a^y + %■ = / (ar, y, 2), ^ 

y = gives 



Y. To explain what is meant by Hu differential of a quantity or 
function^ let us take the simple expression 

u=^as^ (1) 

in which t^ is a function of x. Suppose a; to be increased by 
another variable k ; the original function then becomes a {x + Kf ; 
calling this new state of the function u\ we have 

u' = a (^ + Kf = aa? + 2aa;A + ahf. 

From this, subtracting equation (1), member from mebiber, we 
have 

m' — tf = 2axh + ah? (2). 

The second member of this equation is the difference between 
the primitive and new state of the function oa;^, while h is the dif- 
ference between the two corresponding states of the independent 
variable x. As the variable h is entirely arbitrary, an infinite 
number of values may be assigned to it. Let one of these values, 
which is to remain the same throughout the Calculus, be denoted 
by dx, and called differential of x, to distinguish it from all other 
values of h. This particular value being substituted in equation 
(2), gives for the corresponding difference between the two states 
of Uj or flw^, 
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u* — uxcs, Zaaejdx + a {dxf, 

Now, the fint term of tfds particular difference is called the 
differential of u, and is written 

du = 2axjdx. 

Ths coefficient {2ax) of the differential of x^m this expression, is 
called, the differential coefficient of the function u, and is evidently 
obtained by dividing the .differential of the function by the diffe- 
rential of the variable ; and is in general written 

du 

Resuming the expression 

m' — tt = 2axh + all? J 
and dividing by A, we have 



w' — » 



= 2ax + ebh. 



In the first member of this equation, the denominator is the 
variable- increment of the variable a;, and the numerator the cor- 
responding increment of the function u ; the second member is 
th6Q the value of the ratio of these two increments. As ^ is 
^ diminished, this value diminishes and becomes nearer and nearer 
equal to 2aXy and finally when A = 0, it becomes equa} to 2ax. 
From this we see, that as those increments decrease, their ratio 
approaches nearer and nearer to the expression 2aa;, and that by 
giving to h very small values, this ratio may be made to differ 
from 2ax, by as small a quantity as we please. This expression 
is then properly, the limit of this ratio, and is at once obtained 
from the value of the ratio, by making the increment A = 0. It 
will also be seen, that this limit is precisely the same expression as 
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the one wbioh we liave caJled the differential coefficient of the 
function «. 

What appean in this particular example is general, for let 

u=/(aj), 

u Uinff anyfunctum of x, and let x be increased by A, then 

Suppose / (a; + A) to be developed, and arranged according to the 
ascending powers of A, and u to be subtracted from both members, 
we then have 

«'-.« = PA + QA' + RA' + Ac (3) 

P, Q, R, d?c, being functions of «, and every term of the second 
member containing A, because u' —u must reduce to when 
A = 0. Substituting for A the particular value dx, and taking the 
first term for the differential of Uj we have 

dtt = P(te, and - = P. 

ax 

Dividing both members of equation (3) by A, we have 

!^-^Z^ = P + QA + RA« + Ac (4). 

A 

Obtaining the Umit of this ratio by making A =x 0, and denoting 
it by L, we have 

L = P, 

the same value found above for — . ; hence, the differential eoeffi- 

dx 

eient of a fiinction is always equal to the limit of the ratio of the 

increment of the variable^ to the correspondiny increment of the 

function. 
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8. The differential of a function of a single variable may then 
be thus defined. If the variable be increased by a constant qtianti- 
tjfy called the differential of the variable^ and the difference between 
the new and primitive states of the function be developed accord- 
ing to the ascending powers of the increment ; that term of this 
difference which contains the first potoer of the increment is the dif- 
ferential of the function. 

It will in general be found most convenient to obtain first, the 
differential coefficient, for whjph we have the following rule : 

Give to the variable a variable increment, find the correspond- 
ing state of the function, from which subtract the primitive state, 
divide the remainder by the increment, obtain the limit of this ratio 
by making the increment equal to zero, the result will be the dif- 
ferential coefficient : Hiis, multiplied by the differential of the 
variable, will give the differential of the function. 

The object of the Differential Calculus is, to explain the mode 
of obtaining and applying the differentials of functions. 

9. Let the preceding principles be illustrated by the following 

Examples, 

1. Let tt = W^. 

For X put X + h, then, 

tt' = 5 (a; + hf — ba^ + Sba?h + SbxV + bh? 
u' -'U:=z Sbai^h + Sbxh^ + bh^ 



u* — u 



= 3&I? + Sbxh + bW ; 



passing to the limit, and denoting it by L^ we have 

ax 
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whence 

2. Let 
Putting j; + A ^or «, and subtracdng, we have 



tt' — tt 



= 2aa? -^ ah ^ c\ 



making A = 0, we have 



L = 2aa? — c = --, 

ax 



whence 



d,u = 2aa»22r — cd^. 



3. Let 



«=:-, 



a 



then 






a' — tt = 



0? + A 



ar + A « a'* + a;A 



tt- — tt _^ — g % 
A a;* + aA 



and 
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whence 

adx 
4u sz ^ 



4. If 

tt = Sao? — mx* du = (9fl«* — 4»mj') dx. 

10. Equation (4) artide (7) may be put under the form 



tt' — tt 



P + * (Q + RA + Ac), 



and if the expression Q + RA + Ac., (which is a function of x 
and hj) be represented by P', this becomes 



tt' — tt 



= P + FA •(!); 



whence 

tt' = tt + PA + FV; 

that is, the new state of the function is equal to its primitive state, 
plus the differential coefficient of the function into the first power 
of the increment of the variable, plus a function of the variMe and 
its increment, into the second poioer of the increment. This expres- 
sion for the new state of the function being an important one 
should be carefully remembered. 



11. If we resume equation (3) Art. (7), divide by h and trans- 
po«eP; we have 
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"'""" - P = Q* + RA« + &c 

Since when h = Oj the expression for the ratio — £-— reduoes to 

h 

P, Art. (7) ; we can plainly assign a value to A so small that 
"' ^ " < 2P or ^^ - P < P; 



h 

/ 

whence 

Q& + IU« + Ac, < P, 
- and multiplying by h 

PA > Q*' + RA' + &a, 

which condition will be fulfilled by any value of h whi^ will 

make — —— < 2P. That is; tn a series arranged according to 

h ■ 

the (Ufcending powers of a variable, it is always jpossihU to assign 
to the variablCy ct value so small as to maJee the first term numeri" 
tally greater than the sum of all the others, 

12. If .tt be an increasing function of a?, its new state u' will be 
greater than u, and 

tt' — tt 



= P + FA JUrt. (10) , 

will be positive for till values of A. ' ' ^ ' ^,: - ' / i> ' ;^^ \ 

If tt be a decreasing function, the reverse will be the case, and^ 
the ratio be negative for all values of A. 

But we see by the preceding article, that when h is suffidently / 
small, the sum of all the terms that follow P,^ the above equa- " 
tion, will be less than P, and therefore the sign of P will be the 
same as that of the ratio ; that is, positive when tt is an increasing . 



. ^^ ' 



i- 
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and negative when ti is a decreasing function. But P is the diiSfe- 
rential coefficient of u, Art. (7). Hence, the differential coefficient 
. of an increasing funetioUfi is always positive ; and of a decreasing 
fanction^ negative. 

It should be observed, that the signs of the differ^tial and dif- 
ferential coefficient are always the same. 

13. Let 

tt = r 



> 



ti and V being functions of the variable d?, which are equal to each 
other for every value of x. If a; be increased by A, and v! and v' 
be the new states of u and v, we have 

ti' = tj' tt' — tt P= u' — r, 

or placing for u' and v' their values as expressed in Art. (10) ; 

PA + V'V = QA + Q'A«, 

* 

or 

P + P'A = Q + Q% 

and since P and Q are entirely independent of A, when A = 
there results 

P = Q or* Tdx = Qdx. 

But P 18 the differential coefficient of u, and Q the differential 
coefficient of v, Art (10), therefore « i 

du = dvj 

that is ; ^ two functions of the earns variable are equals their dif- 
ferentials will also be equal. 

U. But if tt = r =fc C, 
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u and V being functions of x, and C a constant ; and a? be in- 
creased by h, we have 

«' = »' =b C, 
or placing for r' its value, 



It' — « 



= Q+Q'A, 



and passing to the limits 



ax 



whence 

Q being the differential coefficient of o, Q<2jc is its differential, 
therefore 

iftt = d (u =fc C) = dv, 

that is ; t/" <t0O differentials are equals it does not follow that the ex- 
pressions from which they were derived^ are equal, *-We see also, 
that a constant connected by the sign d= with a yariable, disap- 
pears by differentiation. In fact, the differential of a constant is 
zero ; since, as it admits of no increase, there is 90 difference be- 
tween two states, and of course no differential, Art (8). 

15. Let tt = Av, 

dien 

«' = Av' =r A(t> -h 0*4-0'*') Art (10), 

= A(0+0'*) 



«' — tt 






n *- I 



/» 



/ 



/ 



« t. 



L = AQ r= -.. ; whence du = AQA;, 
ox 

But Q/ix is the differential of v ; therefore 

(itt = d (Av) = Adv, 

, that is, the differential of the product of a constant by a variable 
funcUwi^ is tgual to the constant multiplied by the differential of 
thefunetim, 

16. When two variable quantities are so connected that one is 
a function of the other ; either may be regarded as the function, 
and the other as the independent variable. Thus from the expres- 
sion tt = aa^, we readily obtain x = \/}t ; in which x may be 

■. , ( I i ( /) 

considered a function of the variable u, \ J.^ 

In general, let 

. ; / ;' ,.;«=/(«) (1); 

then by deducing the value of x, 

: /'i '^ ' '"'*=/'(«) (2). 

In this last expression, let the variable u be increased l>y any 
variable increment u' — u= k, x will J*eceive the corresponding 
increment x' -^ x, and the ratio of these increments will be 

^- (3). 

K the increment «' — a? be denoted by h, and we substitute 
a? + A for a?, in equation (1), we shall obtain ^^ . .^ , i-^ , ^' , -^ 

M' -. tt = PA + FA^ == k, 

and substituting these values of a/ — a; and k in expression (Sj, 
we have 



- — "^ 
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HF* "■ PA + FW* "" P + FA ' 

PasBing to the limit by making it, the increment of u, equal to 0, 
in which caae A = 0, we have t J, —\/r/iJI — «^'^ ^- "■' 

I dx f 



P dM 

But P = ~ , hence 
dx 

dx_ 1 
rftt "" ^ 

that is, ihs differential coefficient ofx regarded cu a function qfu^ 
is the reciprocal of the differential coefficient of u regarded as a 
fiinetion of X, 
To illustrate, take the example 

whence 



=v4 



In article (7) we have found --- = 2aap, then 

dx 



dx 


1 
^ du" 

dx 


1 
2ax 


1 

■ „ ^ 1 •■ 


1 


du" 


«v1 


2Vtftt 



17. Let II be an implicit function of x of the second kind, 
Art. (4), as 

« =-/(y) (1) y - 9 («) (2). 
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If « be incU'eased by ^, y will reoeire an increment V — y, which 
we denote by k ; and these increased values of y and x in the se- 
cond members of (1) and (2) will give 

tt' = tt + Qik + Q'!-" y' = y + PA + F*'; 

whence 



u — u 



= Q + Q'ifc IJZl = P + F^ 



and by multiplication, 



k h 



or since y^ — y = k 



= QP + Q'Pit + QP'A + &c. 



Passing to the limit by making h = 0, which gives & = 0, we 
have 

L = QP = ^. 
dx 



But 



Q = $' and P = $; 

dy dx 



whence 



du du ^ dy 
«__ — ^ X -^ 

<2x dy dx' 

that is, ^A^ differential coefficient of u regarded as a function of x, 
is equal to the differential coefficient qfu regarded as a function of 



« 



I 



y, multiplied by the differential coefficient of y regarded as a func- 
tion of X. 

If 

u =/(«) *. (8) and r = f) («) (4); 

in which case u is evidently an implicit function of v ; we fin^ 
from equation (4) 

« = 9' W (5), 

and applying the preceding principles to equations (3) and (5), 
we have 

du du dx y^v 

dv dx dv 

But 

^=1 Art. (16), 

dv dv ^ ^' 

dx 

which value in (6) gives 

du 
du __ dx, 
dv "" dv 

dx 



DIFFERENTIATION OF ALGEBRAIC FUNCTIONS. 

18. Let 

in which v w and % are functions of «. Increase x by h^ then 

3 
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u' =: t>' d= ttK d: a;' 

It' — tt = (r' — r) ifc (id' — w) ±(x'^ «), 

from wliich, after substituting for (v' — o), (v' — to), &a, their 
values afl in article (10), and dividing by ^ we have 

!5!jZi? = (Q +Q'^) =b (R +R'A) =b (8 +S'A). 

Passing to the limit 

L = Q=bR=bS=-; 

dx 

whence 

du=:Qdx±Ma!± 8dx; 

or since, 

Qdiv = dvj lidx = <ft0, Bdx = t2« Jbrt. (8), 

du ^:^ dv dt dw dz dzy' 

that is ; the differential of the sum or difference of any number of 
functions of the same variable is equal to the sum or difference of 
their differentials taken separately. Thus, if 

u =^ cuf '^ bsf 
<itf = i {aa/) — d {haf) = 2axdx — Sfta^'dr..., .Arte. (7 A; 9). 

19. Let uv be the product of any two fanctions of x, then, if x 
be increased by A, u'v' will be the new state of the product . 
But ' 

and by multiplication, 



- 1 
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ttV = l« + rPA + llQ* + PQ^ + &C^ 

thence 



u'v' — uv 



= oP -f- tcQ ^..tenns containing h. 



Passing to the limit we have 

ax 

whence 

dm> := v2dx + u^^ix = vdu + vdv^ 

that is ; Hie differential of the product of two fumtiom of the 
same vartaJbhy is equal to the sum of the products obtained by 
multiplyinff each function by the differential of the other, 

20. Let uvs be the product of three fdnctions. Place 

uo s=i Ty then ' uvs = rir, 

and. 

d(uos) = d(r8) = rds + sdr (1). 

But since 

r = w», dr = udv + vdu; 

hence by sabstitution in equation (1) 

d{uvs) = uvds + sudv + svdiL 

If we have the product of four functions wsWy we may place 
ew =i Ty and by a process precisely similar to the above, obtain 

d{uvsw) = uvsdw + uvwds + uwsdv + vwsdu (2), 

and we readily see, that by increasing the number of functions, 
we may in the same way prove, that the differential of the prO'^ 



>• * 



20 



DIFVERENTIAL CALCULUS. 



duct of any number of functions of the same variahU^ is equal to 
the sum of the products obtained by multiplying the differential of 
each into all the others. 



21. If we divide both members of equation (2) of the preced- 
ing article by vvsw^ we have 

d{uvsu)) dw ds dv du 
uvsw w s V u 

and we should have a similar result for any number of functions ; 
whence we may Conclude in general, that the differential of the 
product of any number of functions divided by the product^ is 
equal to the sum of the quotients obtained by dividing the plifferenr- 
tial of eaxih function by thefunctiw, itself 



22. Let 



V = r' 



'*v. 



J 



1 



•** « 



V being any functibn of x, and m any number, entire or Pactional, 

positive or negative. Increase x by h, then V. ^ 

•A 

a' = »"" = (t> + QA + QfhY -Art. (10), ^ * 

— • 

or placing in the binomial formula 

{x + a)" = a?*" -I- maaf^^ ^ m^m f ^^jf*^ ^ ^^^ 



V for X, and (QA + Q'A") for a ; 



ij 



we have 



tt' = [i? + (QA + Q'A')]"* = r*" + m(QA + Q'V)©"^* + &c. 



tt' — tt 



= m(Q + Q'A)i7"-' + «fec. 
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each of the following terms containing A as a fisictor. Then 

OJC 

^ du = <£©* = mv'^^Qjdx = mv'^^dv (1), 

since Q/dx = dv, Ait (8). - That is, to obtain the differential of 
any power of a function : Diminish the exponent of the power by 
unityy and then multiply by the primitive eapponentj and by the dif- 
/erential jf the function. 



Examples. 





1. If 



8. If 



• 4. If 



bat 



hence 



« r=s ax\ 




du = a,dx* = aAa^dx ^ 4a3^dx, 
u = hx^ 

(fti = - &B*~'dx = - bx^dx = — ^—. 

3 3^ 



8 



u = ex' 



du ssi — Zar^dx « — 



Zcdx 



du = 6{ax — 3?y d (ax — «*) ; 

d{ax — a*) = adx — 2xdx Art. (18); 

du = h(ax — a*)* (a — 2.r) dx. 
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23. If in equation (1) of the preceding artide we make 
m = «, we have 



n 



L 1 l-i , 1 !=? . dv 

n n ^ ^i=L 

nv n 



or 

dv 



dV^= 



If n = 2, we have 

/- dv 
d yv = 



2Vv 



that is, the differential of a radical of the second degree is equal 
to, the differential of the quantity uncba' the radical dgn^ divided 
by twice the radical, ] 



If n = 3, we have 



3 -_ dr 
3V^ 



and in general the differential of a radical of the nth degree is 
equal to, the differential of the quantity under the radical sign di- 
vided by n times the (n — l)th power of the '^icaL 



Examples. 

1. If It = Voi? 

, . doj^ Saa^dx 3 j — , 
du =■ — — ^ == -— s _ -^^dx. 



2. If tt = i^h-^x ^^ = 
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— dx 



3 ^^h _ xy 

3. Let tt = ^"S?" 4. Let tt == -/ 2fl« — «*. 

/ 24. Let tt = f = w-», 

# and o being functions of the same variable, then Art. (19) 

or 

• df sdv 
du zsz ; 

wbence by reducing to a common denominator 



du = dt = !^Lzi^ (1), 



that is, the differential of a fraction is equal to, tJie dejiominator 
into the differential of the numerator ^ minus the numerator into the 
differential of the denominator^ divided by the square of the denomi- 
nator. 

If the denominator be constant^ dv = 0, and equation (l) becomes 

, vds ds 
dtt =± -— - = — . 

tr V 

If the numerator be constant, ds = 0, and equation (1) beeomes 

sdv 



du s= ^ 



v" 



In this last case it is evident that ti is a decreasing function of t;, 
and that its differential should be negative. Art. (12). 
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Examples. 

X 



1. If tt= 



a — «' 



, __ (a—x) dX'-'Xd (a — a?) _ (a—x) dx + xdx ^ adx 



n Ti» ^ 

2. If V = 



F' 



du = — — r= 



i' b 



8. If II = ^ 



(2u = — 



or*' 
cdda^ Bcdx 



{axy ax* 



25. By a proper application of the preceding principles everr 
algebraic function may be differentiated. Let them be applied '.> 
the following 

Miscellaneous Examples, 
1. If II = (a + ftx")", 

du=L p{a + h3iry^d{a + hjiT) Ait (22) ; 

But 

d(a + 5x") = nhs^^dx\ 
hence 

du = ^p(a + ^c")'^*j;"-*ia:. 

The solution of this example and many others may be simplj- r 
fied by applying the rule of article (17) thus : make 
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a 4- &e* = z, then « = sf , 

oar dz 



whence 



and 

'du ^ hnp{a + haT)^^ aT-^dx. 

2. If tt = (1 - a:«)», 

dtt = 3(l-a?»)*d(l - a:*) = - 6 (1 - a^"a;dx, 

« 8. Let 



ux 

U =z 



X + 1/0"+!?" 
Place 

a?(Za? , aydx — axdv 

hence 

fl^(a?-|- V^^^jT^ (gx -^ Jdx + _fj;_ '\ ? 

{x + VT+P) 
or after reduction 

_ €^dx 

du = / vg — , 

{x+ Va + x'T Va + a!» 



i 
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4. If a = ^ -y du = -^ 3-^ — 

t X or 

I - 

It 

I 

0/ — dx 
7. t* = 7 dtt = y ■ , , / , ^\r 



8. Let tt = (a — Vl^)'. 9. Let « = 7j"Tr^* 



,u. - .J,,] 10. «=i3p 



11. «=(a-v/j_^). 



12. u = , 13. u = . 7 ■ 

V?Tr + 1 yl-M — VI — a? 



(/ij ^<: .-_- _ o/~y [ / 



K 



SUCCESSIVE DIFFERENTIATION. 

26. It is readily seen from what precedes, that the differential 
coefficient of a function of a single variable is, in general, a func- 
tion of the same variable. It may then be differentiated, and its 
differential coefficient obtained. 

Thus in the example 

du 

^ = «^ 5i = ^<^ (1), 

Zaa? is a function of x^ different from the primitive function. 
If ffir« differentiate both members of equation (1), we have 



¥' 



(S) = 



= %axdz : 
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But since dxi&A constant, Art (24), 

tPu 



/du\ ^ d{du) ^ 
\dxj dx 



d „ 

dx 



the symbol d^u^ (whicli is read second differential of u) being used 
to indicate that the function u has been differentiated twice, or that 
the differential of the differential of v, has been taken. Hence 

_ = Qaxdxj or _ = 6a«, 
dx dx^ 

in which da^ represents the square of dx, and is the same as if 
written {dx)\ 

The expression, 6ax, being the differential coefficient of the first 
differential coefficienty is called, the second differential coefficient. 

To make the discussion general, let u :=f(x) andp be its dif- 
ferential coefficient, then 

du /n\ 

■J- =1' (2). 

ax 

Since p is usually a function of x, let it be differentiated and its 
differential coefficient be denoted by q, then 

^ = ? (3). 

ax 



A 



In the same way let q be differentiated and its differential co- 
efficient be r, then 2 * ^ ^ • . . 

' ^ = r. (4). 

dx 

By differentiating equation (2), we have 
and by the substitution of this value of dp in (3), 
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_=j, or ^^q (6), 

which is the second differential coefficient of the function. 
67 differentiating (5), we have 

cPu 

d? = ^' 

and by the substitution of this value of dq in (4), 

— = r, or "Ti = ^ 

dx ^ 

which is the diferential coefficient of the second diferential coeffi- 
cienty and is called the third differential coefficient. 

In t^e same way the fourth, fifth, &c. may be found, each from 
the preceding, precisely as the first is obtained from the primitive 
function. 

From the differential coefficients, we may at once obtain the 
corresponding differentials, by multipljring by that power of dx 
the exponent of which indicates the order of the required differ- 
ential, thus 



d"«* = ^ da?" Ac. 
da?" 



27. Let 



u = aa?". 



n being a positive whole number, then 



du _-_! d^u 

dx dx 



-- = naaf*^'^ -j-^ = n{n — l)aa? , 



DIFFEBElffTIAU CALCULUS 29 

g^n(n-l)(«-2)«-, 
dar 



g = «(« - 1) (« - 2) 2.1A 

Since the last differential coefficient is constant, its differential 
will be 0, and we have 

dr^'u _ 

By examining these results H will be seen, that by each differ- 
entiation, the exponent of the variable is diminished by unity. 
When this exponent is entire and positive, it will finally be re- 
duced to 0, and the corresponding differential coefficient be con- 
stant The next in order, as well as all which follow, will then 
be 0, and there will be a limited number denoted by n. If n be 
fractional, by the continued subtraction of unity the result can 
never be 0, but will finally, if the differentiation be continued, be- 
come negative; the successive differential coefficients will then 
always contain x, and there will be an infinite number. So also 
if n be negative. 



maclaurin's theorem. 



28. The object of this theorem is, to explain the manner of c?e- 
veloping a function of a single variable, into a series arranged ac- 
cording to the ascending powers of the variable with constant coejffl- 
eients. 

Let u =/(ar), 
and let us assume a development of the proposed form, 
u = B + Cx + Dit? + Ei^ + &c (1), 
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in which B, 0, D dbrc are entirely independent of x, and depend 
upon the constants which enter into the given function. It is now 
required to determine such values for the constants, B, C Ssc* as 
will cause the assumed development to be a true one, for all 
values of x. Since these constants are independent of Xj they 
will not change when we make x = 0, If then in (1) we sup- 
pose X = 0, and denote by A wh&tf{x) or u, becomes under this 
supposition, we have 

A = B. 

Differentiating (1), and dividing by dx, we have 

du 

^=04- 2Da; +8E«" 4-&c (2) ; 

making :r = 0, and denoting by A' what —. reduces to in this 

ax 

case, we have 

A' = 0. 
Differentiating (2) and dividing by dx, we have 

d^u 



dx" 



= 2D + 2.3Ea? + A?c. ; 



d^u 
making x == and denoting by A" what — becomes, we have 

A" =- 2D ; whence D = :^ 

1.2 

In the same way, denoting by A'", A"" Ac, what — - — - &c. 
become when :r = 0, we shall find 

Kill kllll ^ 

1.2.8. 1.2.3.4 
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Substituting these values in equation (1), we have 



u=f{z)^A+A'x + A" -^ +^"' L^ + *°-(3)' 

in which the general tenn, or the one which has 9i terms before it, 
is, what the nth differential coefficient of the function to be deve- 
loped becomes when the variable is made equal to 0, multiplied by 
the nth power of the variable, and divided by the product of the 
consecutive numbers from 1 to n inclusive. 

Examples. 
1. Let 

u = (a-f a?)". 

This, when a; = 0, reduces to a* ; hence A = o*. 
By differentiation, &c. we obtain 

du ^ . tPu 

^ = iii(a + aj) , -^ = m(»i - 1) (a + «)-*, 

-^^^mim- 1) (»i — 2) (a -h a;)-^ &c. 

Making x = in each of these differential coefficients, ve have 
A' = mar-\ A"=m(m-l)a"^, A'" = ni(i»— 1) (m— 2)a"^, Ac. 
Substituting these values in the formula (3), we have 



2. Let 



/ 



u = = aih — xY^ . 

— X 



By differentiation d;c., we have 
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du a €pu 2a ' 



—- = 2.3a(J — ir)-*== -....* A?c. 

dar {b — x)* 

Making a; = in the original function, and in eaclixlifferential 
coefficient, we have 

A — " A'— " A" ^^ Jkp 

V F =T °' 



These values in the fonnula (3) give 



a a a a a 



1^1 

3. Let u = z— ; — 4. Let u = . 



5. «* =" rzr" ^- « = (i+a^)- 

Whenever the function to be developed contains the second or 
higher power of the variable, the work will be much abridged by 
substituting for this power a single variable, then making the de- 
velopment, and in the result resubstituting th^ power. Thus, in 
example 6, by putting z for ar* we have 

ur= {I + a^)^ = {l + «)*' 
which is easily developed according to the ascending powers of z. 



29. Functions which become infinite, when the variable on 
which they depend is made equal to 0; or any of the differential 



rTU 
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coefficients of which become infinite, under the same supposition, 
cannot be developed by Maclaurin^s formula, as in such cases, 
either the first or some succeeding term of the series would be in- 
finite, while the function itself jan^ not'4nHafliil^ be so. 



I f 



d€fr I'll '/'t ^ '**'•< f \':-* I (' 'i ' ' ' i' ,^ :. -», i '). c , /. ' ( - , , '\ ^ 
/. • w =t= log X yi = cotx ti r- ^^^ 



ax' 



are examples of such, functions. In the first two A, and in the 
third A', would be infinite. 



Taylor's theorem. 



30. A quantity is a function of the sum of two variables, when 
in the algebraic expression for it, a single variable may be substi- 
tuted for the sum, and the original function thus reduced, mthaut 
a change of form, to a function of the single variable. Thus 

u' = a{x + yY 

is such a function, for if in the place of a? + y we substitute «, the 
function becomes u' = a:;", a function of z of the same form. 

log(x-y) . ' 

is also such a function of the two variables x and -* y, which, 
when for « — y we put z, becomes log z. 



31. Let 

For X + y place z, then 

«'=/(«)■ and g'=j, (1), 

6 
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p the differential coefficient, being entir^y independent of d%. If 
now X be regarded as a constant 

dz = d{x +y) == c?y, 
and equation (1) becomes, 

du' 

If y in turn be now regarded as constant 

dz = d{x + y) = dx, 

and equation (1) becomes 

du' du' 

dx ^ '^ dy' 

That is, if a function of the sum of ttoo variables be differentiated 
as though one ofjhe variables were constant; and then the same 
function he differentiated a^ thottgh the other variable were constant ; 
and the differential coefficients he taken ; these two coefficients will 
he equal* 

To illustrate, let 

tt' = {x + y)", then du' = n{x + y)*~* d{x + y), 
which if y be regarded as constant becomes, 

du' = n{x + y)"~*c?a?; whence -j— = n{x + y)""*, 

dx 

and if « be regarded as constant, the same expression becomes 

du' = n{x + y)'^^dy ; whence ' --— = n(x + y)*"'. 

ay 



82. The object of Taylor's Theorem is, to eocplain the manner 
of developing a function of the algebraic sum of two variables, into 
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a series arranged according to the amending powers of one of the 
variables, with coefficients which are functions of the other and de^ 
jpendent also upon the constants which enter the given function. 
Let UB write a development of the proposed form, 

u' =f{x +y) = P + Qy + Ry + Sy^ + Ac (1), 

in which P, Q^ R 6sc. independent of y, are functions of x. 

It is required to determine values for them, which substituted in 
equation (1) will make it true for all values of x and y. If we 
regard x as constant, differentiate both members of equation (I) 
with respect to y and divide by dy, we obtain 

— = Q + 2Ry + SSy* 4- 4^c. 
dy 

If we regard y as a constant, differentiate equation (1) with 
respect to x and divide by dxy we obtain 

du* dP dQ , dR .^ , 
dx ax ax ax 

But by the' preceding article we have 3— = — ; therefore 

dy dx 

ax dx ^ d^. 



>■ 



and since the coefficients of the like powers of y in the two mem- 
bers must be equal, 

Q=£ (2)' ^«=f •(«)' «s=§ •(^)- 

If in equation (1) we make y = ; f{x -|-y) will reduce to a 
function of a;, Art. (6), which we denote by «. Then 

« = P. 

Substituting this value of P in equation (2), we have 



'■■■■■■A I •.-■■;-.:, .\ J ■: . . '■. , ., . J ;- .. ^ 









Cm :- -'■■*- 
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Q=— . 

dx 
This value of Q in equation (3), gives 

; 4^A 

2R = -^-v— = -y--; whence R = -5; 

and this value of R in (4) gives 

3S=il:^^=-^.; whence S= ^" 



dx \,2,dsf' 1.2.3.c?a!'' 

By the substitution of these values of P, Q, R d^c. in equation 
(1) we have Taylor's formula ; 

" ~/^^ + y)-«+5i-i + s?i:2+ 5i^ 1.2.3... «^-- 

By an examination of the several terms of this formula, we see 
that the first («) is what the function to be developed becomes, 
when the variable, according to the ascending powers of which 
the series is to be arranged, is made equal to 0. The second 

(— ?^ J is the first diflferential coeflBcient of the first term, multi- 
dxll 

plied by the first power of this variable ; and the general term is 

the nth differential coefficient of the first term^ multiplied by the nth 

power of the variable, and divided by the product of the consecu* 

tive numbers fi*om 1 to n inclusive. 

The development of /(a? — y) is obtained from the formula by 

changing -f y into — y ; thus 

ri \ du dhi jF ^u •!? 



'f 
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Examples. 

1. Let u' = {x + y)-. 

Making y = we obtain u = x", and thence by differentiation, 

^ = »i(»i - 1) (»t - 2)j:^, ^ =fn(m-l) (m-n + l)r^, 

ttOr aar* 

These values being substituted in the formula give 

ffi(m— 1) (m — II + l)«'"~*y* 

K it were required to develope the function in terms of the as- 
cending powers of x we should make x = 0, and obtain for the 
first term y"*, from which the other terms are derived as before. 

2. Let tt'= " 



X + y 
Making y = 0, we obtain, « = - for the first term ; thence 

X 

du a cPu 2a 

da: "" ar*' ds^ "^ a?^ 

d?u __ 2.3.a d"tt 2.3 na 

da? ~ i? * daf* "~ «**"* 

These values being substituted in the formula give 

\ ^ « « . ^ J _l_* ^ n 
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3. Develope m' = r-.... according to the powers of — y. 



4. It' = ^ ^ .,. " " oix. 

{x^yy 



33. Since in the fonnula of Taylor, the coefficients of the diflferent 
powers of one variable are functions of the other, it is plain that 
if such a value be assigned to the other, as to reduce any of these 
coefficients to infinity, the second member will become infinite, and 
the formula fail to give a development for this particular value ; 
as, in this case, the first ^ejnber wiU become a function of the 
first variable, which function ^ not s*MiiiJiJF equal to infinity for 
a particular value of the second variable, on which it in no way de- 
pends. Thus, in the example 

m' = V 0. + X +y 

which, when developed according to the ascending powers, of y, 
gives 



s 



tt' =\/a + ir-j y . y 

2V a + x 8V (a + xj 



thle particular value a? = — a reduces the coefficients of the 
powers of y to infinity, while the original function is reduced to 
Vy • We should thus have -v/y = oo , which cannot be. For 
every other value of a?, however, these coefficients will be finite- 
and the development true. 

The difference between this failing case and that of Maclaurin's 
formula is marked. In this, the failure is only for a particular 
value of that variable which enters the coefficients, all other values 
of both variables giving a true development ; while in the former 
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case, if the fonnula fails to develope a function for one yalue of 
the variable, it fails for every other value. 



84. If tt =/(4 

and X be increased by A, we have for the second state 

and by changing y into h in Taylor's formula, we obtain 
,«'=/(. + *)=:« + -* + __+ Ac; 

which is the development of the second state of a function. 
From this we have 

«'-tt=^A+5^+S— +<fec. 

dx d:^ 1.2 do? 1.2.3 

^•^ ' ^ ' p/- ^ , f- 
If we now put for 'A the particular value dx^ we have 

, 1 . d^u <Pu • 
u' -• u= du + — + 4- <fcc. 

1.2 1.2.3 

35. If in the development of f{x + y) by Taylor's formula, we 

suppose a? = 0, and represent by A, A', A", <kc what «, —--, -—, 

dx dsr 

&c. become under this supposition, we have 

A, A', A", &c. being constant, and since y is the only variable we 
may write x for it, and thus have 



( ( 
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f{x) = A + A'x+±± +f-E + 4c 
which is identical with Maclaurin's formula. 



DIFFERENTIATION OP TRANSCENDENTAL FUNCTIONS.. 

36. Let us take, first, the exponential function 



u = a*, 



and increase x by k^ then, 

'u' = a^ = aV (1). 

a* being a function of the single variable k, may be developed into 
a series, the first term of which [being what a* becomes when 

= 1. We may then write, 

'A« + k"h^ + &c., 

k, A:', k'^j &c. being constants depending upon a. By substituting^ 
this value of a* in (1), we obtain 

w' = a'(l + kh + k'l? + k"h^ + &c.) ; 
whence 



a allies, 1*11C 111 oil lAi^lXll Vl TTUIVU 

* = 0, Art. (28)1, is a\ = 1. W 






u' ^ u 



= o'A: + a'ifc'A + &c 



Passing to the limit of this ratio, we have 

L = ifk = — , and du = a'kdx (2). 

ax 

To determine the value of Ar, let us develope « = a* by Mac- 
laurin's formula. We have 

, du gj 

u=zafj — r= a a: ; 

dx 
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rf( ^ I = itrfo* = ^etfdx ; whence ^^Wa^^ 

d(^ = Wo* = ife»o'rfa? ; whence ^ = ife'ir'; Ac. 

Making a? == in these expressions, we find for the coefficients in 
the formula 

A = a*=l, A'=a*A:='il, A" ='ifc", A'"=Jfc', Ac; 

whence 

, « = «'= 1 •+- fcr 4- — + -^!-^ + Ac 

1.2 1.2.3 

In this, let j; =: — , then 

k 

1.2 ^ 1.2.3 

Summing this series^ we have 

I 
a"i=:2, 7182818 



This number is the base of the Naperian system of logarithms, 
which is usually denoted by e ; we then have 

a^ = c, and a = e*; 

hence k is the Naperian logarithm of a, denoted by Ja, Then 

du = (fa' = a'ladxy 

that is, the differential of a constant raised to a power denoted by 
a variable exponent, is equal to the power^ multiplied hy the Nor 
perian logarithm of the root into the differential of the exponent. 
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SI. Resuming the expressions 

« = «' — = a'&, 

ax 

regarding u as the independent variable and x as the function, we 
have, Art. (16), 

— '= ; whence dx=, 

du a'la u la 

If a be the base of any system of logarithms, then x = log u 
in that system, and 

y dx zsz d log M = .* 

u la 



% • 



* NoTE.—Throughout the book, the symbol / before a quantity will in- 
dicate the Naperian logarithm of that quantity. Since the logarithms of 
the same number in different systems are as the moduli, we have 

log a : 2a : : M : 1, 

and when a is the base of a system, since log a =s 1 • 

1 : 2a : : M : 1 ; 

whence 





la 


Also, 






- log « : 20 : : M : 1, 


and since U =s I 


1 




M » log e. 



The modulus of a system, then, admits of two forms of expression, both 
of which should be remembered. The one is, unUy divided by ike Naperian 
hgarithm of Ike base of the system whose fnodulus is required g the other, the logo* 
rithm ofiks Naperian base taken in the system wktsc modulus is required. 
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But — is the modulus of the system whose base is a ; then 



d lost tt = M — . 
® u 

For the Naperian system, M = 1, and this ei^pression becomes 

u 

The differential of the logarithm of a q%Euitity, is then equal to the 
modultis of the system into the differential cf the quantity divided 
by the quantity ; and this in the Naperian system, becomes ike 
differential of the quantity divided by the quantity. 



Examples, 

1. If tt = /(iUJ*) 

, daa^ Sax^dx dx 
OJi^ aaif X 



2. K 



" = <— ) 



__\a — xj 



adx 



a a a ^ X 



a — a? a — a? 



Otherwise thus/ w = z/ \ = la -^ l(a -^ x) 

\a-x) 

du^dla-^ dl{a - ar) = ^^ 



a — a? 



« 
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3. Let « = rt 1. 

Multiply both terms of the fraction by the numerator, then 
u = l{Vl + ^ + a?)' = 2/( Vl + ar* + a?), 



2(ia; 



4. Hi» = 



vT+^ + « Vl + a?" 
1 rfa? 



\V1 + « — Vl —a?/ a; V 1 — ar^ 



6. Lettt = /{ ). 7. Lettt = /(a + x)«(a-.a?y 



•=<^)" 



8. u = /('^=|\ 9. tt=/(a-a?)Va:). 

10. Let tt = (&)". 

Make & = «, then « = «" ; 





du = nar-'dz = — ^-^^ 


11. Let 


tt = l{lx). 


Make 


Jx^Zy then « •= & ; 




rfjf (fa? 
tftt = — = — T— 
2 ariar 



V » 



\ 



/ '. 


. f ^ /; ! : ; ., - , ^ J - 

/ ■_ 
/ 
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12. 


Let « = a^. ^' 



• V/" /-' •.'. 'i - 



■^ ." 
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i. . 






38. It iias been seen, Art. (29), that log x cannot be developed 
according to the ascending powers of x. To obtain a logarithmic 1 1< >^ ^^ {^ 
series, let us take u = log (1 + x) and develope it by Madanrin's , j 

formula. By differentiation <lbc. 

iidx du M 



du = 



l+x 



dx 



= rT^=^(^+^)-^' 



d^u 



2M 



-M . dhi _ 

d^ - M(l + «) « ^^ ^^j, , rfai* "~ (1 + a?/ 

Making x = 0, we have Cor the yalues of A, A', A" ^c, in the 
formula, 

A = logl = A' = M A"=-M A'"=2M,Ac; 

whence 



« = log(l+«) = M(a:--- + T' 






in which the logarithm of a quantity is expressed by a series, ar- 
ranged according to the ascending powers of. a quantity less by 
imity. 



39. By the ^d of logarithms we may simplify the differentia- 
tion of complicated exponential functions. For example : 



1. Let 



tt =«'', 



% and y being any functions of the same variable. Take the Nan 
perian logarithms of both members, Ihen 



I 

■' \ I 
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and by differentiation 



whence ^^ 



du 
u 


z=z dyb + 


dz 

y-; 


- /^ ' 


•'. -.Z' ' 


1 , ' 


f^ * ' 


^1 - 


— 



du = u{dyh + y --) = z^hdy 4. yj^dzj 



which is evidently <Ae «tim of f A« diferenHalSy taken hy firBt re- 
garding y 09 the only variable^ and then z, 

2. Let uss^a^' , 

Taking the logarithms of both members 

du 

h=lflay — = la.dlf — Idb'IbdXf 

' u ' 

du^ ci"' Iflalbdx. 

8. Let. ttrs/, 



» 



I 



then 



du t^dz . 



du = 7ft'{-^ + bUde + ^ bdt). 
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DIFFERENTIATION OF THE CIBCULAR FUNCTIONS. 

40. Since anj arc of a circle, when less than 90^, is greater 
than its sine, and less than its tangent ; we must have for all 
▼alnes of y less than 90^, 



siny , smy smy 
— < 1 and : — - < 

y tongy y 



But 



• ' / 



Bsiny , siny cosy /i\ . 

tangy = . ; whence : = —^5 — \^r 

»' cosy ' tangy R . 

Making y == 0, cos y becomes B, and we have for the limit of the j ^ 
ratio {\\ 

L = |=l. 
R 

and since ^ cannot exceed unity, nor be less than ^ we 

y tangy 

also have its limit = 1 ; that is, the limit of the ratio of an are to 

its sine is unity. 



41. Let 

tt = sin X, 

Increase xhj hj then 

u' = sin (« + h)y u' — tt = sin (a; + A) — sin «, 

or by placing x '{- h for p and x for q in the formula. 



* 



sin p — sin 5^ =t= ~ [sin i(p — ^)cos i(p + q)\ 
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2 

v! — u = — sin 1^ cos (^ -f ^A)« 
R 

Dividing both members by /^, and then both tenns of the frac- 
tion in the second member bj 2, 

tt' — tt sin i/k cos (ar + \K) 



i& R 



and passing to the limit, since ( j = 1,* 



-. __ cos a? _ dtt . 
R"""(ii' 



whence 



cos a; (2a? 
ou = a sm « = - 



R 
If « = cos rr, 

, . / ^ cos (90° — «),,« 
€?tt= d cos a; = rf sm (90<» — a?) = ^-^ d(90*» — a;) ; 

whence 

sin X 

dc06X^= '^-:5 — dx. 

MX 

K tt = ver-sin x 

du = d yer-sin x = d(R — cos a?) = — rf cos a? ; 

whence d ver-sin x = — ^— da?. 

* Note. — This notation indicates that the expression for the quantity 
wllhiu t}ie parenthesis becomes unity when A = 0. 

I . 

J 

* » J" ' 

t 

I 
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If u^siangx 



du^s^d tang x =sd 



oosx 



_ P (cos asrfsin a? — sin a?rf cos a;) _^ dx{eos*x + sin'a;) , 



whence 



dtsOkgX :=: 



coe'^x 



If « tt = cot a; 



i« = rfoot. = rft«.g(900-.) = R«ii^l^; 



whence 



If 



, , K'dx 

sin'a; 



u = seca? f> • 

* - r * 

, , _ R' " Rsmirdr 

ate = a sec X = a = = ; 

cos X cos X 



whence 






, tang X dx . tangy^ sec a? , ' / "" . . ^ - 

dseca? = ^^ = — ^Q^ — dx. \ ,^ ^ 



If 



tt = cosec X 



du = d cosec a? = (£ sec (90« — a:) = cot ar.cosec a; rf(90o - ar) . 

V ^ R« ' 

7 



/ 



*. • ' 



^ 



a .' ^ *: 
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dco^ecxzs — 



oot X. coeec x dx 

— ^ — ■ 



K R = 1, these formulas become 

dfmx^=^co^xdx^ dooi^x^^ ^%i3ixdx^ 



dx t 

d ver-fiin « = sin a? dx, d tang x =z — -, dpc 

oos'jr 



and should l)e remembered. 






1. If 



/ 



. Us 
« = sm — 

a 



J hx yhx h ^^ hx ^^ 

</tt=ooe — a — = - COS — ax, 
a a a a 



2. If 



tt= COS-- 

X 



du ^ — sin ~ <2 - = --.sin— dx. 



X X 



3. If 



4. K 



u = tang (a — xf 



_ d( a — xY 2(g — a?)da? 

" "" cos* (a — xY ~ cos*(a — a;)*' 



(a - .:y 



tt = cot'of 



dtt == 2 cot a; d oot or = — 



2 cot 07 do; 
sin'a? 
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5. If tt = (cob «)•*"', 

make ooe x = Zjsmx = y\ then u = s^, and Art (39) 

du = a^&dy + yTT-'dz =ii|(oo8 x)^'! cos a? / cob a? — "°'^\ O/Jd 

6. Let « = ^'°^^+^). 7. Let a = tang (- m V^). 



42. In the preceding article we have found, the differentials of 
the sine, cosine, &c. in terms of the arc as an independent variable ; 
let it now be required to find the differential of the arc, in terms of 
its sine, cosine, ^c. 

If tt = sin a;, then x = sin"*!!,* 

du = 221^ and ?^ = i?^, 

S dx R 

If now X be regarded as the function, and u as the independent 
variable, we have, Art. (16), 



dx 
dit"" 


1 R 
" du cosx' 

m 


and since cos' a? = V R* — 
dx R 


sin'a? = V R» - tt« 
whence dx -^ K u 


au V R« « „» 

• 


V R=» - M* 



* Note.— The notation sin-' i*, tang-i tt, &c., is used to designate the 
are whose sine is m whose iangeni is «, Slc. 
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If 



—l. 



dtt mnx 



< < \' 



tt=:cosa;, a; = co8'tt, —== — -r^-— , 
ill dx R 

^dii sin a? -v/R« - cos«« VR*-«?»' 

whence > 

R^ 



4?X 3=: — 



Vr* - «' 



If 



tt = ver-6in a?, « = ver-ern"' u ; 

^^^ and ^=JL; 

<2a; B . <{» sina; 



or since 



ina? = V(2R — ver-sin x) ver-sin x = '\/(2R — tt)tt ; 



sin 



; whence ax = 



^«* -v/(2R - tt)tt '/2Rtt — tt* 

If 

, du R* 

tt=tangar, a? == tan^'tt, -- = — -.; 



/ / 



dx oofi^j? 

d» ^ cos^ = _5l_ 1 -. ^ • 

dtt*" R» sec'a? R'^ + tang'a:' 

whence 

Wdu 






dx =r . 

R' + «» 
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If R s= ly these formulas become ' 

«fct= /" dx=---—. 

V 1 — «* Vl—v* 

• V 2« — tt* 1 + w* 



1. If « = sin-' 2tt VTZl?, ^^/ 

A> _ <f(2«Vl -^ tt') _ 2<^« 

Vl — (2«\/l - u*f V 1 — tt* 

2. If «=;tang-'/_i\, 



r — 


H 




- r 


• 


^' 


/ . 










/.'>% 


y 




v 


N— 




>.„ 
















( 


I 


' 1 ' 


i> 


/ • 


I / 





_ \ y/ cdy 



8. If « =r co8-» y , dt* == ~^^y 

« — y (a - y) Va» — 2fly 
4. If « =: ver-Bin"' ~. i2u = — 



aF\/2x — 1 



43, WJp are now able to develope sin «, cos a?, <fec^ in terms of 
the ascending powers of «, by Maclaurin'is formula. 



1. If 



« = sin ar, and R = 1 j 



* 
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dti fPu d!*« j_ 

— = cos «, —- = — sm «, -—— = — cofi «, CSC 

dx dar dar 

Making a; s= 0, we obtain for the yalues of A, A', Ac in the 
formula, 

A = 0, " A' = l, A"==0, A'"= — l,Ac; 
thenoe 



tt = sin« = 1 &c 

1 1.2.8 ^ 1.2.3.4.6 



2. If tf = COS 17, 



da dhi dhi . * 

~- = — sm a?, —-- = _ 006 ar; —-- = sm ar, &c ; 

ax dar dar 



in which, making a; = 0, we obtam 

_ A = 1, A' = 0, A" = - 1, A'" = 0, Ac; 

and thence 

af x* 
V = COS X s= 1 .1 — &c, 

1.2 ^ 1.2.3.4 

These series, for small values of a?, are very converging, and will 
give with great accuracy the yalues of sin x and cos x for small 
arcs, and may therefore be used in the calculation of a table of 
' natural . sines, <Src. Thus, R being unity, we have for the semi- 
circumference or AT, the number 3,14159...; this divided by 180, 
and the quotient by 60, will give the length of the arc 1', which 
value substituted for x in the series, will give the sine and cosine 
of one minute. 



I 
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44. We can also develope the arc in terms of i1» sine, tangent, ^ 



^ , 



• —I dx 1 

X s= Sin * tt, 






«p« 



= «(1 _ «»)-*, *1 = (1 _ «•)-* + 3t.«(l - ««)"* Ac 



•'•■'-■ Vi'-M; 



• V 



\ 






Making u = 0, we obtain ,-.*' ._f 

A=rO A' = 1 A" = "A'"=l,&c:, 
and by substitution in Maclaunn^s formula 

X s=s sm *tt a: tt 4. L L &C. 

^ 1.2.3 ^ 1.2.4.5 ^ 

/\ 

if tt = ^ = sin 30°, this series becomes ^ 

a? = sin-^ 1 = 30° = 1 + ^ J A + Ac, 

2 2 ^ 1.2.3.2' ^ 1.2.4.6.2* ^ 

by the summation of which, we find 

30° = 0,52359 , 

and multiplying by 6, 180° = » = 3,14159 

46. If 

X = tang-'tt, — = , = (1 + «*)"' Art- (*2), 

and the development may be made as in the preceding article ; or 
otherwise thus. Developing (1 + tt^"* by the binomial formu- 
la, we have 



ii * « 
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^= 1 _«•+«•_«* + Ac (1) ; 

and since by differentiation, the exponent of u in each term ift 
diminished by unity, we must have 

a? = Att + Bm' + Cti» + &c; 

m 

whence 

~ = A 4- 3Bm« + 5Ctt* + &c (2). 

du 

m 

Comparing the coefficients of the like powers of ti in (1) and (2), 
A = 1, 3B== — 1, andB = — -; 6C=l,andO= -, &c.; 

whence 

II 41. 9t 

X = tang'"*tt = tt + — — — + <fec (3). 

3 6 7 

If u SB 1 = tang ^5°, this series becomes 

3 6 1 

which is not sufficiently converging to enable us to determine the 
length of the arc with accuracy. To obviate this difficulty, we 
will make use of the principle that the arc 46^ is equal to the arc 
whose tangent is ^, plus the arc whose tangent is ^.* 



♦ Note.— To prove this principle, take the formula 

iang(« + i) = i???.l+ii^^. 
1 — tangatang^ 
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From equation (3), bj the substitution of i and \ for u^ we 
have, 

♦ -ill 1^1 l.j, 

tang - = - — — 5- + — -. — --— . + &c^ 

^22 3.2' 6.2* 7.2' ^ 



. il 1 1.1 1 ,1. 

tanir - = - — — - + — =. — — - + dec: 



3 3 3.3' 6.3« 7.3' 



henoe 



46« = tang-' J + tang-* } = 



i— -L.+ JL _ 4fec. + 1— JL + J_- &c. = 0,78639 
2 3.2' 6.2* 3 3.3' 6.3' 



which being multiplied bj 4 gives «* = 3,14169. 



DIFFERENTIATION OF FUNCTIONS OF TWO OR MORE 

VARIABLES. 

46. Heretofore our rules for differentiation have been limited to 
functions of a single variable ; it is now proposed to extend them 
to functions of any number of independent variables. ' 

Let «=/(«, y); 

X and y being entirely independent of each other. The second 
state of the function will evidently be obtained by giving to both 

Make tang a = | and a + ^ = 45°, 

then, tang 45° = 1 = I + tangg_ . ^j^gj^cg ^^ng 6 = f ; 

1 — i tang b 

hence 45° xr« + bsx tang~> | + tang-^ |. 
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X and y variable increments. First let x receive the increment h ; 
y(a?, y) then becomes /(a; -f ^, y), which, (if y for a moment be 
regarded as constant), may be developed according to the ascend- 
ing powers of A, by Taylor's formula ; whence 

/(« + A,y) = « + ^A +__+__ + &• (1). 



\ 



du d/^u 

in which --, — r-&c., are the differential coeflficients of w = flx,y) 
dx dx^ 

taken under the supposition that x- alone is variable, and are evi- 
dently all functions of x and y. If in this development we now 
put y + ifc for y, we shall obtain in the first member /(a: -^ h^y + k) 
which is the second state of the function u. The first term of the 
second member (m), being a function of x and y, will, when for y 
we put y -h ^, become 

dy d^ 1.2 df^ 1.2.3 



In the same manner -- , when for y we put y + A:, may be dr 

dx 



veloped, and will give, Art. (32), 



(du\ _du^ \£)k <\£) *• 



or redudng 



V^A-*+* ^ dxdy "^ dxdf 1.2 ■*" • 



A]so 
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r 



(: 
(: 






These values being substituted in the second member of (1) 
^ve for the development of the second state of a function of two 
variables 

^ ,dx ^ dxdy ^ dTdf 1.2 ^ 
" (2). 

"*■ rf«« 1.2 "^ dc»rfy 1.2 ■*" ' 

^ rfa^ 1.2.3 

In this development u is the original function ; — . is its differ- 

ay 

entiai coefficient taken under the supposition that y alone varies,' 

and is called, the partial differential coefficient of the first order 

d?tJL d?ijL • • . 

taken with respect to y ; ,-1- <fec. are successive differential co- 

efficients taken under the same supposition, and are called ^xir^ta/ 
differential coefficients of the * second, third, d:c, order taJeen with 

du (mU olu 

respect to y, --— , -^--, -__ are obtained from the original function 

dx dor dor 

under the supposition that x alone varies, and are called jpar^ea/ dif-- 
ferential coefficients of the first, second, <tc,, order taJcen with res- 
pect to X ; is obtained by differentiating -- with respect to y 

and din Jlnci: the. result by dy, and is called a partial differential c<h 
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efficient of the^ second order taken, by differentiating first with res- 

peet to X and then with respect to y ; and in general is a 

daf^dff^ 

partial differential coefficient of the m + n^ order, and is obtained 

by differentiating first n times with respect to x, and then m times 

with respect to y. 

By an examination of these results we see that, from a function 

of two variables there are derived two partial differential coefficients 

of the first order, viz. 

du , du 

dx dy 

three of the second order, viz. 

cPtt d^u d?u , 
da^ ' dxdy rfy" ' 

four of the third order, &e. The expressions 

s^ I* >'■ ^, «»•*'• 

obtained by multiplying the several partial differential coefficients 
respectively by dx, dy, da^, dxdy, &c., are called partial differen- 
tuUs, 



47. If instead of first increasing a; by ^ we increase y by k, we 
shall obtain 

/(.,, + *) = « + _.*+__+__+ Ac 
and if in this we put a; + A for x, we shall evidently deduce 
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I 
I 

vhkli development must be identical with the one in the preceding 
article ; hence the terms containing the hke powers of h and k 
must be equal to eadi other, «nd we must have, 



dxdjf dydx dxdj^ djfdx dx'^d'^ dyTdjif* 

which shows that we shall obtain the same result whether we dif- 
ferentiate first with reference to x and then with reference to y, or . 
the reverse. 



48. Let it now be reqmred to develope the second state of the 
ezpressioB 

It = aj'y (1). 

Differentiating with reference to x and y, respectively, we obtain 

- = nuT-y (2), - = mr^' (3). 

dx dy 

Now differentiating (2), first with reference to x, and aflterwards 
with reference to y, we obtain 

^ = «(« _ Do-sr (4), ^ = n»^r- <«). 
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In the Bame manner hj differentiating (3), first with reference to 
X, and then with reference to y, we obtain 

^"^ vmair^ir' = ^ y .— = Mn - l>r^-* (6), 



dydx dxdy dt^ 

and b^ continuing the differentiation of (4), (5), and (6), 

^ L m{m - l)(m - 2>r-»y-, -^ = m(ni - l)iM^«3r\ &c 
a<r^ curdy 

Substituting these values in the formula of article (46), we have 
(a? + A)"(y+A:)" = aTyT + wTf-'^k + n{n - V^nrjr*— + Ac 

^ ' ' 1.2 



49. Resuming equation (2), Art. (46), and subtracting the pri- 
mitive state of the function from both members, we obtain 

A ,y+) jK,y} ^ +,^ +^^ +^y + j. 

Extending the definition in Art. (8), to functions of two or more 
variables, we have, after placing for h and k the constants dx and 
dy^ and taking the terms of the first degree with reference to these 
constants ; 

J du J du J 
du^= — dx •{ €bf, 

dx dy 

that is, the differential of a function of two variables is equal to 
the sum of the partial differentials of the fanctia^. It is importav^^ 
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to preserve the notation Jtdxaad -^ dy. else the partial differen- 

dx dy 

iials might be confounded with the total differential {d%). 



Examples. 

1. If tt = iU^f^ 

-? da? = 2axf^dx^ —dy= daa^^dy\ 

ox dy 

. hence 

dM == 2axi^dx + Saa^i^dy^ 

2. If 
^^6(fl a^)« au=z^^{a-^a^)[2xydx+{a^a»yfy]. 

8. If ' 

«=tanr*i du^y^^^y 

y y«4-a:« 

4. Let tt = y ~> . 6. Let u ^ a^. 



50. Having, obtained the first differential of a function of two 
variables, we may from this at once derive the successive differ- 
entials. Since 

<itt = — aa? 4- _ dy, 
dx dy 



'"=<£'^)+<S''») 
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Di£ferentiatiiig — - dr, first mih reference to x, and then with re- 

ax 



ferenoe to y, we have, 



{» 



da^ dxdy 



and in the same way, 



ii") = 



-dydx + -r-^j^ ; 



dydx d^ 



whence, since —-^ = -— ^ -Art. (47), 

dxdy dydx 

fP»i /Pu u^M 

d*t« = —-5 (W +2 --— -(fedy + -=-=-^y*- 
oar dxdy ay* 

Differentiating this result, since 



(&*)= 



,[-^)=p^+^^iy. 



dl.--^dxdy \ = ..^-^Lda^dy + -—^-d^rfy", 



do^dy (ioKfy^ 






^'^y 



we derive 



oar d^dy dxd}^ dtf 

In the same way the differentials of a higher order may be 
derived. 
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51. Let UB now take the general case in which u is a function 
of any number of independent variables ; that is, let 

It is plain that we may deduce the development of the second 
state of this function in precisely the same way as in article (46), 
by first increasing x and y, then in the result thus, obtained in- 
creasing z^ and in the new result increasing one of the other va- 
riables, and so on until each shall have received an increment ; 
we shall thus find 



^a?+A,y+*,«+^&cO==y(«,y,«,&c.)+~*+^Ar+^/+ 

ax ay az 



whence 



ax ay az 

plus other terms, which will be of the second degree at least, with' 
reference to the increments ft, iS:, /, <!rc. ; we have then as in arti- 
cle (49), 

du s=z df\x, y, «, &c.) =; — da?+ — dy ^ dz -\- 4fc. 

ax ay az 

that is, the differential of a function of any number of variables 
is equal to the sum of the partial differentials of the function. 



Example, 
If tt = axtf^^ 

du = aif7?dx -}- 2axy7?dy + Qaxt^^dz, 
9 
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"F^ 52. If in the development (2), article (46), we make both x and 
y equal to 0, the first member will become a function of h and k ; 
the first term of the second member, and the different coefficients 
of h and k, will under the same supposition become constants. 
Denoting by A what u orf{Xj y) becomes when x and y are made 
; by B and B' what the partial differential coefficients of the 
first order ; by C, C and C" what those of the second order, and 
by D, D', D" and D'" what those of the third order, become 
under the same supposition ; we obtain 

f{h, it) = A + (B/i + Wk) + — (CV + 2C'M: + C'ifc*) 

or since we may change h and k into x and y, we have for the ge- 
neral development of any function of two variables, 

f{x,i,) = A + (B« + B'y) + JL (Ox' + iC'xy + C'y^ 
+ _i-(D:^+3DVy + Ac.). 

l.J.d 

K in development (2), above referred to, we make y and k each 
equal to 0, «* becomes a function of x alone, and we have 

which is Taylor's formula. 

In the same development, making x, y and k^ each equal to 0, 

and denoting by A, A', A", &c. what w, ~, --^, &c reduce to 

CbX uX' 

under this supposition, we obtain 
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/(J) = A + A'k + A" -^ + A'"-^ + Ac, 

or changing h into x^ 

/([*) = A + A'« + A" -^ + A'"^ + Ac. 
which is Maclaurin's fonnuU. 



DIFFERENTIAL EQUATIONS. 



d3. Every equation containing two variables can, by transposing 
all the terms into the first member, be represented under the ge- 
neral form 

yi:*, y) = ;...(!) 

in which y is an implicit function of x, the latter being usually 
taken as the independent variable : Or, since by the solution of 
the equation, the value of y may be found in terms of x, and sub- 
stituted in (1), this function of x and y may be regarded as a 
function of x alone, and may therefore he differentiated as a func- 
tion of a single variahle. Also, sinoe the relation between y and 
X is such, that/(x, y) must always be equal to 0, its value is not 
variable, and can therefore have no difference between any two 
states. Its differential must then be 0, Art. (14) ; that is, 

4/l^» y) = 0. 

To obtain, then, from a given equation its differential equation^ or 
the eqtiation which expresses the relation between the differentials of 
the function and variable; transpose all the terms into one mem- 
ber, differentiate this as a function of a single variable, and place 
the result equal to : Or, if it be not desirable to transpose all 
the terms into one member, each member, containing either x or 

,* r i J ' * 1/ , > » /' 



/ 






>-ft », { -- ^ <* ' ^ 



* «■ V » 
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y, or both, may be regarded as a fiiiiction of x, and the differen- 
tial of the first will be equal to that of the second, Art. (13). 

Since every term of the differential equation thus derived will 
contain dx or dy, we may divide by dx, and then at once deduce 

the value of the differential coefficient -i: . 

dx 

54. If ah equation contain three variables, one will necessarily 
be a function of the other two, and all the terms being transposed 
into one member, this member may be regarded as a function of 
two independent variables, and may be differentiated as in article 
(49), and the result placed equal to 0. In accordance with the 
same prindples and in precisely the same manner, the differential 
equation of one containing any number of variables may be 
derived. 

If the differential equation derived by one differentiation be 
again differentiated, the new differential equation will be of the 
second order, and if this be differentiated we shall have one of the 
third order, and so on. 



Examples. 

55. 1. If u —f{x, y) = ir* + y" — R« = (1) 

du = 2xdx + 2ydy = (2), 

from which, after dividing by dx, we obtain 

^ = - ? (3). 

dx y 

Dividing equation (2) by 2, and then differentiating ; x, y, and 
dy, being variable, we have 

d{xdx) + d(ydy) = 
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or rf«* + rfy* + yd^ = 0, 

wlienoe 



\ "*" ^^/ ^ V "*" yy , _ yl+^. 



rfy _ _ _ 

rfaj* y ^ y y* 

since -J— = ~ equatioii (3); 

Equivalent results may be obtained by differentiating the value 
y = VR* — «*, deduced from equation (1). 

2. If tt = y" - 2mxy + a:* — a' = (>.. (1) 

2y(ty — 2maK2y — 2mydx + 2xdx = (2); 

whence/^/ u^ xol J ' '^ 

ay my — x 

dx y — mx 

Differentiating (2), and dividing by 2db', we obtain 

4 

from which after the substitution of the value of J- we may ob^ 

dx ^ 

tain the value of the second differential coefficient. 

3. Let y" — 3a«y + «• = 0. 

Equations derived as above, immediately from the primitive equa- 
tion by differentiation, are named immediate differential equations. 



^ y 



V 
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66. By the differentiation of equations we may find others 
which will express the relation between the variables and their dif- 
ferentials, for any values of either or all of the constants. Thus, 
if we take the equation of the right line 

y == oa? + b (1), 

differentiate and divide by dx, we have - 

» 

1=' p)' 

a result which is the same for all values of b. By the sub6tit)ition 
of this value of a in equation (1), we have 

ydx = xdj/ -{- bdxy 

which is the same for all values of a. 

Differentiating (2) and dividing by da?, we obtain 

/ 

which is entirely independent of both a and b. 
Take also the equation 

y^ =: mx + na?,..„ (3). 

* 

By two differentiations, we get 

. > /' . ' 2ydy = mdx + 2nxd» { ^^i 

By combining the three equations, m and n may readily be elim- 
inated, and an equation obtained which will be entirely indepen- 
dent of them. The result of this elimination is 

y*cZ«^ + a?*iy' + ya;'cPy — 2yxdyd(g =s 0. 
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Again, by differentiating the equation 

f — 2<MJ* -f a' = 0, 
and eliminating a, we obtain 

And in general, all tbe constants of any equation may be elimi- 
nated by differentiating it as many times as there are constants. 
The differential equations thus obtained, with the given equation, 
make one more than the number of constants to be eliminated ; 
an equation may therefore be derived which will be freed from 
these constants. Equations thus obtained are properly ih^ differ- 
ential equations of the species of lines, one of which is repre- 
sented by the given equation, since being independent of the con- 
stants they are evidently the same for all lines of the same kind 
referred to the same co-<)rdinate axes. 

57. By differentiation we may free an equation of exponents, as 
in the example 

u = v% 

du = nv'*^^dv, or vdu = nv^dv, 

and finally 

vdu = nudv. 
Or thus, 

7w s= ft)" ; whence 2u = nlv, 



du ndv 

u V 



or vdu ^=z nudv. 






V. 






//_. ^'^ 
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58. The Differential Calculus enables us also to eliminate, from 
an equation containing three variables, an arbitrary function of 
either two, the form of which may be entirely unknown. Thus if 

II = F (/ [a?, y]), 

the form of the function designated by the symbol F being arbi- 
trary, we can find a differential equation expressing a relation be- 
tween «, y and the partial differential coefficients — J?, which 

dx dy 

will be the same, no matter what the form of the function F may 

Make y(aj, y) = «... (1), Uy 

then -^ C^J, : ^'^ 

u = F(x), rftt = F(z)d«......(2f^ 

Differentiating (1), first with reference to x and then with refe- 
rence to y, and substituting the values* of d% thus obtained in (2), 

weget' j^^ p\::s ^^'■^.^y (^^<^ - I'l/-] "p-"-'^ 
^ = F(.) t (3), ^ = FW ^ (4), ^ 

from which F'(x) maj be eliminated, and the resulting equation, 

between a;, y, — - and — , will be the differential equation required. 

dx dy 

Such equations a;re called partial differential equcCtiona,' 

To illustrate, suppose 

«. 
!• J\py y) = ax + by and u = F(ac + iy). 

- -^ " rf« ' d% ^ 

Place oa? + iy = z, then -- = a, and —- =s fc 

ax ay 
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These values in equations (3) and (4), give 



^ = nz)a ^ = ¥'(z)b ; 

dx ^ ^ dy ^ ^ ' 



whence 



du ^ du 

dx dy 

a h 



and finally 



du j^du -. 

dy dx" ' 



2. Let 

f{x,y) = 0? + y = z and « = F(a^ + y«). 

Differentiating 2, we find 

-- = 2a? and — = 2y ; 

dx dy 

whence 

^ = F(2)2a: and ^ = F(z)2y, 

dt dy 

from which, by eliminating F'(z), 

dy "" ^dx ~ 



a. I*t /(«, y) = * 

10 
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VANISHING FRACTIONS. 

59. In the discussion of the results obtained by the application 
of the Calculus, we often meet with expressions which, for a par- 
ticular value of the variable, become {. This, although in gene- 
ral the algebraic symbol of an indeterminate quantity, does not in- 
dicate such a quantity in the particular cases referred to. As in 
the example, 

ax — s? 
a^ —7? 

which becomes f when a? = a ; if we divide both numerator and 
denominator by the common factor a — a;, we obtain 



a + « 



and this, when a; = a, reduces to i, which is the true value of the 
fraction in the particular case. 

Expressions of this kind are called vanuMng fra4:tixm8y and re- 
duce to f in consequence of the existence of a fsictor common to 
both terms ; which factor becomes under the particular suppo- 
sition. 

All such fractions "may be represented generally by the expres- 
sion 

V{x — aY , 
Q(a?-a)" ' 

in which P and Q are functions of x. 
There are three cases : 
1. '^!^Qie&ii7i = n, the fraction becomes 
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P(a? - g)* _ P 



2. When m > ^ it may be put under the form 

P (a: — a)*-' 



•n 



Q 
m — n being pooitiye ; and this, when « = a, becomes 

3. When m < n, the fraction may be put under the form 



n — m being positive, and this, when a; ss a, becomes 



= 00, 





/ ft 



/S60. "Whenever the common factor is evident, the simplest me- 
thod of obtaining the true value of the fraction is to strike it out, 
and then put for the variable its particular value. But as in most 
cases it is* not easy to detect this factor, other methods become ne- 
cessary. 

aft 

Let - be a vanishing fraction, r and « being functions of x^ and 

let a be the particular value which substituted for x reduces the 
fraction to \, 

It is plain that, if we substitute a + ^ for x^ and after reduction 
make A = 0, it will amount only to the substitution of a for x. 
Suppose this substitution made, and that in the result both nume- 
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rator and denominator are arranged so that the exponents of h 
shall increase from left to right, we then have 






8 /,-^ ~ A'A* -f B'A"' + AcT 



in which A, A', B, B', m, n, <fec are constants. After reducing 
this fraction to its lowest terms, by dividing both numerator and 
denominator by that power of A which is indicated by the smallest 
exponent, we shall have one of three cases. 



1. If m = n 



/r\ _ A + BA**-^ + &c. 

\i Js^a^ "" A' -f B'A-'— -f &c. 



2. K m > II 



/r\ _ AA"^ 4- ^c 

I « J«-»H "" A' + &c. 

3. If m < « 

A -f- Ac 






A'A"-«-{- &c. 



Now making A = 0, we have for the true value in the three 
cases, 



1. 



\8 Js^a A' U /x-. A' 



3. fr\ =A^ 



= 00 . 



Whence we derive the general rule. For the variahle, substi- 
tute that value which causes the fraction to reduce to ^, plus an in^ 
erement; reduce the result to its simplest formy and then mal the 
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iwerenunt equal to 0. The final result will be the true value of 
the fraction for the particular value of the variable, and may be 
finite, zero, or infinite. 



Examples* 



1. Take the fraction 



which becomes f when x = a. 

For £, put a + hj the primitive fraction then becomes 

{2ah + &*)^ 
A* 

Dividing both terms by A*, we obtain 

(2a + A)* 

which, when A = 0, becomes (2a)*, the true value. 

In this case the common factor {x — a)* is evident ; string it 
out, we have 

{x + a)* 
which becomes (2fl)*, when a; = a. 



n 
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2. Take the fraction 



fliBin^ - 

a 



which becomcB | when « ss 0. 
For Xy put + ^ or A, we then obtain 

m Bin *-— I s- 4- dec. I 

— - V 41ft ^ - — ■ 



^ — .Art (44), 



or 



main ^ — 
a 

h 



= -(T+tS? + *^) 



whidi, when & = 0, gives 



-1 « 
rfn sin ' — 






The common factor in this case is a;, as may be shown by de- 
yeloping m sin"' — , as in article (44). 



61. Another rule jnay be thus deduced. 

K the vanishing fraction, as in the preceding article, be 



U:=^\ then r=ztis 

s 



^ 
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dr = udif + sdu; 
in which, if we make a? = a, we shall have (since «,.« = 0), 

whence 

"- = (f).. = tfr <■>■ 

for the true value of the fraction in the particular case. 
If (^)«-a ^ ^ ^^ value is 0. 

^ (d»),.. = itis . oo. 

K both are at the same time, the second . member of (1) be- 

dr 
comes f , and -~ is a new vanishing fraction, with which we pro- 
of 

ceed as with the first, and thus obtain 
K this again becomes |, wo continue the same process, and have 






«,-.= 



and so on. The rule may then be thus enunciated. Tdke the 
differentials of the numerator and denominator ; in each, stibsti- 
tute that valtie of the variable which reduces the original fraction 
to i ; if both do not reduce to or infinity ; what the former be- 
comes divided by what the latter becomes, will be the true valtie of 
the fraction. If both reduce to 0, take the second differentials^ and 
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make the same substitution ; or continue the differentiation^ Ac, 
until two differentials of tJie same order are obtained, both of which 
do not become or infinity ; what one becomes divided by what the 
other becomes, mil be the true value of the fraction. 

It should be observed^ that the effect of the application of thi» 
rule is, at each differentiation, to diminish by unity the exponent 
of the factor which causes the fraction to reduce to J, Art. (27). 
If the exponents of this factor in the numerator and denomina- 
tor are fractional, and not contained be.tween the same two con- 
secutive whole numbers, it is plain that the least one will be re- 
duced to a negative number by a less number of differentiations 
than will be required by the other. The differential of that term 
of the fraction which contains it, will then, by the substitution 
of the particular value of the variable, reduce to infinity, while 
that of the other reduces to 0, and the true value of the fraction 
'' "- will be either / ,— <?>^?. ' " ',,'"/ ^j: 

■J^SjL:^ or £ = 0. 

/JO . ' 00 ^ 



If "how^vfej?,-i;hfe4e exponenfe' .i^e^contained between the same 
two consecuHve whole nnmlfersj- they will become negative by the 
same number of differentiations, and the differentials of both terms 
of the fraction, reduce to infinity at the same time ; as will the 
successive differentials. In this the only failing case of the rule, 
we shall not be able, by its application, to obtain the true value 
of the fraction, but must fall back upon the general rule. Art. (60). 
As an illustration of this, we may refer to example 1, article (60), 
in which the second differentials, and all which follow, become in- 
finite when a; = a. 



Examples 
If 



<' ^ 



r 

^ 



N 



* X — 1 ' 



which becomes { when x = 1 

dr = war^'dar, ds = dx^ 

2. If 

r 1 — sin « 



« cos X 



which becomes i when x = 1, 



dr = — coaxdx, ds = — sinxdr, 

% 



3. If 



r as? — 2acx + ac' 



s • 
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r x" - 1 



s hx^ '— 2bcx -{- ic^' 
' dr = (2air — 2ac)dx, ds = {2bx — 2bc)dx, 

both of which reduce to 0, when a? = c. Differentiating again, 
d^r = 2adx^, d's = 2hdix^, 



and 



(:)... =^ 
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4. Take when a: = 0. Ans. la — Ib^ 



6. 



('-0 



wZ| 1 + f I « = 0. 



C( *» 



\ 



i. 



•/ 


or 


1 — 


sin 0? + cos a; 


sin a; 


+ cos a? — 1 


a — 


OJ — ate + a^iT 


a — 


- V2aa? — «* 


of 


— a: 


1 


X •\- Ix 


a? — 


2 sin X 



rt 1 — sina^ + cofto; ^ * I 

0. • • -; fl? = -^ / 

O'lTl /» -I- ATkO nt 1 2 



7. ^ x =^ a. 



8. -:: 1_ « = 1. 



9* — — 2 Bill X rv 

a; sin a; 



62. We sometimes meet with the product of two Actors, one 
of which becomes 0, and the other oo , for a particidar value of the 
variable. Let ri be such a product, in which r becomes 0, and t 
infinite. It may l|e written 



t 



which, for the particular value, becomes }• Its value may then be 
determined as in the preceding articles. 

Example. 

Let rt =1 {I — x) tang — , when x =z 1. 
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Writmg it under the proposed form, we have 



. 1 — « 1 — a? 
n = = • 



tang 



«x 



eot — , 
2 
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'I « 



/- 



2 
the true value of which, when « c= 1, is — 



63. The fraction - may hecome -^y in which case it may be 
written 



r=rxi. 

ir 9 



which becomes oo x — = <^ X 0, and may then be treated as in 

QO 

the preceding article. 



64. Sometimes also, we find expressions which become oo — oo. 



Let 



i — i 

r 9 



be such an expression, r and 9 becoming 0. It may be written 



1^ 

r 



1 — iZL!l 



which will reduce to i. For an example, take 



X 


— 


* 




cot « 


2 cose ' 






•fc ^ 


* • 




\ 




" 




^ 




'- ■ ' V 


\ i 



• • <* 



V* 
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which becomes c» ^ oo when x = .. By reduction we obtain 

2 ^ 



X Bin X — 5 
2 

{ . cosx 



the true value of which is, — 1, when x = .. 

I 2 



MAXIMA AND MINIMA. 

65. A function is at a maximum state, or a mtiximum, when it 
is greater than the state which immediately precedes, and greater 
also than the state which immediately follows it ; and a minimumy 
when it is less than both of these states. 

Thus, if t^ be a function of x, and x be decreased so as to give 
the next preceding state to u, denoted hj u", and then increased, 
by the same quantity, so as to give the next succeeding state tt' ; 
if ec be greater than both u'* and u' it will be a maadmum ; if less, 
d minimum. 



66. If te is a function of x, and x supposed to be increasing, it 
is evident that when passing from the preceding states to its max- 
imum, M must increase as x increases, that is, be an increasing 
function of x ; and when passing from its maximum to the suc- 
ceeding states, it must decreoM as x increases, that is, be a de- 
creoMng function of x. In the first case, Art. (12), the sign of its 
first ditferential coefficient must be positive, and in the second, 
negative ; therefore at the maximum state the first differential co- 
efficient must change its sign from plus to minus. For a similar 
reason 3t a minimum state, the first differential coeflicient must 
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change its sign/rom minus to plus. But as a quantity can cliange 
its sign only by becoming zero or infinity, it follows that no value 
of the variable will give a maximum or minimum value to the 
function, 'unless the same value reduces the first differential coeffi- 
cient to zero or infinity. 

The roots of the two equations 

%-<• ■<■). "- £=»» %"" w. 

will then give all the values of x, which can possibly make u a 
maximum or a minimum. After having obtained these roots, let 
eadi, first with an infinitely small decrement, and then with an in- 
finitely small increment, be substituted in the given function ; if 
both the results are less than the one obtained by substituting the 
root, the latter will be a maximum ; if both are greater, a minimum. 

Or if it be more convenient, let each of these roots, with an infi- 
nitely small decrement and increment, be successively substituted in 
the first differential coefficient ; if the first result be positive, and 
the second negative, the root will make the function a maximum ; 
if the reverse, a minimum. If the two results have the same sign, 
the root under consideration will give neither a maximum nor 
a minimum. 

Since equations (1) and (2) may give several roots which will 
fulfil the required conditions, there may be more than one maxi- 
mum or minimum state of the same function. 



Examples* 

1. If tt = a -I- (a? - hY (3), 

ff= 2(^-6) and ^"^ ^ 



dx du 2(x — b) 
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Placing — = 0, we have 
dx 

2(x — 6) = ; whence a? = 6 

If in equation (3) we suhstitute first, b — A for x^ and then 
6 -|- A, we have 

u" = a + h* and w' = o + A* 

both of which for all values of A are greater than u = a, the result 
obtained by substituting b for x] hence u =^ a is a minimum, 

dx 
The only value of x which will reduce -- to is a? = oo ; there 
^ du 

is then no finite value of x which will satisfy this condition, hence 

X = b gives the only minimum state, and there is no maximum. 



2. If 



u=z a — {x — 6)* (4) 



^** — — 2 ^ , (fa: _ — 9{x — b)^ 

dx "" 3{x — 6)8 5ti 2 * 

Placing --- = we obtain a; = oo , which gives no finite solu- 
dx 



tion. 

dx 
Placing — = 0, we have 
du 

3{x — 6) = ; whence a? = 6. 

If then in (4), we substitute first b — A, and then 6 + A, for x^ 
we have 



tt" 



— A* and «' = a — A* 



] 
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both of which are less than u = a, the result of the substitution 
of 5 for a? ; u = a is then a maximum and the only one, and there 
is no minimum. 

If in the first differential coefficients in the above examples we 
substitute h —• h and b + hior x, we obtain in the first, for ft — A 
a negative, and forh + h& positive result, and in the second the 
reverse, as it should be. 



67. When the states which immediately precede and follow the 
maximum or minimum state of u, can be deduced from Taylor^s 
formula, a more convenient rule may be applied. To demonstrate 
it; let 

u =/(a?), 

then 

u' ^/{x + h) u" =f(x - A), 

and by Taylor's formula 



, du . ^ d^u ¥ , iPu h^ . 

dx dx^ 1.2 da^ 1.2.3 

,, du , , d^u h^ (Pu h^ . « 

dx dx" 1.2 dm? 1.2.3 



^ Art. (34.) 



In order that u be a maximum it must be greater than both u' 
and tt", that is, the second members of the above equations, for an 
infinitely small value of h, must be negative ; and for a minimum 
the reverse. But for any value of h less than the one referred to 
in article (11), (and of course when h is infinitely small), the signs 
of the series will be the same as the signs of their firet terms ; but 
these terms have contraty signs, hence there can be neither mwi- 
mum nor minimum unless the first term of each series be 0, which 
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requires that — =0. The rdots of this equation will then, in the 
dx 

case under consideration, give all the values of x which can possibly 
make u either a maximum or minimum. 

Let a be one of these roots, and let it be substituted for x in the 

two series, then, since ( — \ = 0, we have 

\dxj^^a 

^ '"' \d!t'J,_, 1.2 ^ \dr>),_, 1.2.3 



^ ' [dx^J^.a 1.2 \d!i?J,_, 1.2.3 



&e. 



The signs of the series now depend upon that of / — J , and will 

\dxjx^a 

(cPu\ 
. -_ i is nega- 

tive ; and the reverse if this is positive. But if ( — \ =0, tht» 

signs of the series will again be contrary, and there can be neither 

unless I --- I = 0, in which case the 



maximum nor minimum 

I di^ , 



\dj^ 



signs will be the same as that of / - ) : And in general, if there 

be either a maximum or minimum, the first differential coefficient 
which does not reduce to when x = a, must be of an even order, 
negative for a maximum, and positive for a minimum. Whence to 
determine the maximum or minimum states of a given function. 
J^^ind its first differential coefficient and place it equal to ; substi- 
tute each of the real roots of the equation thu^ formed, in the second 
differential coefficient. Each one which gives a negative result^ will 
when substituted in the function make it a maxiinum, and each which 
gives a positive result mil maJee it a minimum. If either redv/ce 
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tJiAi second differential coefficient to 0, substitute in the tkird^ fourth^ 
dsc, until one be obtained which does not reduce to 0, ^ this be 
of an odd order ^ the root will correspond to neither a maximum nor 
minimum ; if of an even order Und negative, there will be a corres- 
ponding maaimum j if positive, a minimum. 



Examples. 

1. If u =— 4^as? — Sa\ 

$i = a^ + 2im: — 3a«, ^ = 2a; + 2a (1). 

dx dx' 

Placing the value of -=- =0, we have 

ax 

3^ + 2ax—Sa^ = 0, 

the roots of which are J? = a, and x = — 8a. The first suhsti- 
tuted in (1) gives 4a, which being positive, indicates a minimum. 
The second substituted in (1) gives — 4a, which indicates a maxi- 
mum. Substituting the roots in the given function, we have for 

the minimimi u= , and for the maximum u = 9a^. 



2. K u ^ 2a?* + a\ 

I = 8,3 + «. g = 24X. (2). 



Placing the value of ^- = 0, we have 

dx 



8a^ + a' = 0; whence a? = — -• 

12 
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This value of a^ in (2) gives 6a', and indicates a minfmum, which 
3a* 

8 



68. Let V = Au, 

tt being any function of x. By differentiation, <bc., we have 

dv __ i^du dh __ t^u . 

dx^ dx ds?s d^^ 

from which it appears, that those values of Xy which make — =0, 

dx 

will also make — =0, and the reverse. Also, that any of these 

dx 

values, when substituted in the second differential coefficients, will 
give results affected with the same sign. Hence every value of ;r 
which will make u a maximum or minimum will make Au a maxi- 
mum or minimum. Therefore a constant positive factor may be 
omitted during ths search for those values of the variable corres- 
ponding to a maximum or minimum. 
To illustrate, take the example 

i(2aa? — a^) (1). 

a 

Omitting the constant factor, we may write 

u = 2ax — a^, 

dx dar 



Placing — = 0, we find x = a, which in (1) gives the maxi- 
dx 

mum value ah, ^ 
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69. Let c = tt", 

u and V being functions of ;r, and n entire. Then 

dv f^-idu 

dx dx 

Now every value of x which will make — = 0, will also make 

dx 

dv 

—- = ; and if the same value makes ntt"~^ positivey it will give to 

dx % ; '^ 

^ the same sign as ---— (since .-— - = 0) ; that is, if it makes u 
or* dir dsr 

a maximum or minimum it will make v a maximum or minimum. 

If it makes fiu***^ negative, it will give to -j-^ a sign contrary to th&t 

cur 

d^u 
of -j-^ ; that is, if it makes u a maximum, it will make v a minimum, 

oar 
and the reverse. 

All values of x, however, which will make v = u" a maximum 
or minimum, will not necessarily make u a maximum or mmn^nm^ 
for the equation 

dv »-i ^ A 

ax ax 

may be satisfied by making either 

nii"^ = 0, or — = 0. 

dx 

Those values of x which satisfy the first, and not the second of 
these equations, will make u neither a maximum nor minimum, 
but may make v = u" a maximum or minimum. As in the ex- 
ample. 
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dv = 2udu ^ r= 2u ~. 

ax dx 



We may make — = 0, by placing either 

dx 



2tt = 2(fl® — iT*) = ; whence x =i a, 



or 



dx 



The value x = a evid^itly maked v a minimum, but as it 

does not reduce --- = -^ 3a^ to 0, it will make u neither a maxi- 

dx 

mum nor minimum. 

The value « = answers to neither a maximum nor a minimum. 
As the corresponding power of a radical expression is formed by 
the omission of the radical, we may, in accordance with the above 
principles, omit it, and seek those values of the variable which will 
make the power a maximum or minimum. We are sure thus to 
get all the values which will make the root a maximum or mini- 
mum. Care should be taken, however, not to use any of those 
which belong only to the power. 



70. In a manner similar to the above, it may be shown that any 
value of the variable which will render u a maximum or minimum 
will also render logu and a** a maximum or minimum. 

?!• It often happens that the first differential coefficient is com- 
posed of two or more variable factors, ^each of which, when placed 



DIFFSRXNTIAL CALCULUS. 98 

equal to 0, may give values of the variable, corresponding to maxi- 
mum or minimum states of the function. Let 

*' = XX', 
ax 

be such a coefficient, X being when x = a. Then 



/ 

« 

or since X = when x =: Oy 






/ 



That is, to obtain the corresponding value of the second diffe- 
rential coefficient ; muliijUy fke differenticU coefficient of that foe- 
tor which is 0^ by the other factors^ and then tubsUMe the particu- 
lar value of the variable. To UltutratCj let 

u = «*(a: — a)', 

— = 2x{x — a)'(4« — a\ 
dx 



\ 



which is equal tq^O, when 

22; = ; whence x = (1). 

(a; — fl)* = ; " « = a (2). 



a 



(4a? - a) = ; " a? = ~ (8). 

4 

Taking the first factor 2ar, and multiplying its differential coeffi- 
dent by the other factors, we obtain the expression 
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2(x - a)»(4ic — a) ; 
from which, by making ^r = 0, we obtain 



(: 



^)..=^-^ 



which indicates a minimum. 

Multiplying the differential coefficient of the third factor 4x — a, 
by the others, and making ^ = ^t we obtain a negative result, 

which indicates a maximum. 

The second value of x reduces -^ to 0, but will make ^-^ P^^' 

oar dsr 

tive, and give' i minimum. Art (67). 



72. If the function be implicit, we have only to find its differen- 
tial coefficient as in article (17) or (53), and proceed as with an 
explicit function. To illustrate, take the example 

y» — 2mxt/ + ic* — a» = (1), 

and let it be required to find the value of x which will make y a 
maximum or minimum. By differentiating as in article (53), we 
obtain . « 



whence 



2ydy — 2mxdy — 2mydx + 2xdx = ; 



dy my ~x . 

Placing this equal to 0, we have 

my — a? = ; whence x -= my, 






/ / 



// 



-> — 



»■ / 
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which, in equation (1), grives 




(J^ i y = ^ ; whence x = 



ma 



Vl — !»• V\ — 



m 



I 



Differentiating the factor my — a?, equation (2), dividing by '(2x, 

1 

and multipljing by , Art (71), we obtain the expression 

y — mx 



(«^ _ 1), ' 



y -^ mx dx 

which, by the substitution of the values of y and «, (since then 
-p = 0), becomes i 

_i -^^ _ '^^'''^^.- '^'^ ' 

and indicates a maximum. «::::.* — / 

^^'/ , , : . t 

73. The only difficulty in the application of the preceding prin- 
ciples to the solution of problems, consists in obtaining a convenient 
algebraic expression for the function whose maximum or mini- 
mum state is required. No general rule can well be given by 
which this expression can be found. In order to indicate as clear- 
ly as possible the methods to be pursued, we will give the solution 
of several cases differing from each other. 

1. Required the dimensions of the maximum cylinder, which 
can be inscribed in a given right cone. 

Suppose a cylinder inscribed, as represented in the figure. Let 
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fl, BA 



h, VC = a?, CO « y 



then AC := a —^ Xy and the solidity of 
the cylinder, which we denote by v, is equal to 

«'3/'(«-^) (1). 

From the similar triangles VCO and VAB, 
we have the proportion 



X \ y :\ a I h\ 



whence 



y = 



hx 



.7 ' '^ 



Substituting this value in (1), we have 



\ 









.(2). 



^ 



<.\ 



Omit^Qg the constant ftstctor, Art. (68), we may write 
whence 



^/ 



(2^ 



du 






Placing -- s= 0, we find the roots a; = 0, and a; = |a. The 
oa; 

second value of ar in (3) gives — 2a, and therefore will make v a 

maiamum, which is . 

27 

For the altitude of the maximum cylinder, we have a — a? = |a, 
and for the radius of the base y = %h. 

The first value of x in (3) gives 2a, which indicates a minimum, 
which is evidently v = 0. ^ 
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2, Required to draw a tangent to the given quadrant ABD, so 
that the triangle CFG shall be a minimum. 

Let CB — R, FB = X, BG = y ; j^ 
Ihen FG = a? + y« The area of the 
triangle is equal to JOB x FG, which 
since ^CB is constant, will be a minimum 
when FG is a minimum, Art. (68). In the 
right angled triangle CFG, since CB is per- 
pendicular to FG, we have 

R" = ary ; whence y == — , 

X 




A F 



and 



FG = tt = « + 5! 

X 



^ = 1 — 5! = ^"- ^' 

dx aj* »* * 



which, being placed equal to 0, gires x= R; and y = R. 

Hence the angle BCF = 45°. Obtaining the corresponding 

J3L. Q 

value of — r-, as in Art. (71), we find for a result — . 
dar > R 



3. The whole surface of a right cylinder being given, it is re- 
quired to find the radius of the base, and altitude, when the so- 
lidity is a maximum. 

Let m' = the surface, z = the radius of the base, and z = the 
altitude, then 

But 

13 
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m* = 2^xz + 2ir«': whence % = : 

therefore 



u = — itsr. 

2 

« 

and a? = \/ — , and « = 2 \/ — , when o is a 

maximum. 



4. Required to divide a given quantitj a, into two parts, such 
that ^^ ^^ power of one, multiplied by the nth power of tha 
other, shall be a maximum. 



If a; = one of the parts, then x = 



« + « 



5. In a given triangle, it is required to inscribe a maximum rec- 
tangle. 

The altitude of the rectangle = \ altitude of triangle. 

6. A certain quantity of water being given, it is required to find 
the relation between the radius of the base and altitude of a 
cylindrical vessel, open at 'the top, which shall just hold the water 
and have its interior surface a minimum. 

The radius = the altitude. 

7. Required the maximum rectangle which can be inscribed in a 
circle. 

Each side = Rv^ 

8. Required the maximum cone which can be inscribed in a 
given sphere. 
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9» 



0. Required the minimiiin triangle %hat can be circuniscribed 
about a given portion of a semi-parabola. 

10. Required the maximum cylinder that can be inscribed in a 
given ellipsoid of revolution. 

11. Required the axis of the maximum parabola that can be 
cut from a given right cone. 

12. Required the minimum value of y in the equation y = of . 



MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR 

MORE VARIABLES. 



74. A function of two or more variables is a maximum when it 
is greater, and a minimum when it is less, than all of its consecu- 
tive states. Let 

'/: ^ ' '■ .y/,'.y- - ■'•' "• =•• vV '^ • irf ./ '^ '•'?- .■ ''- 'j j'^'' ' 



/ 



after placing in the development of article (49), 



h^Uy 



^ 

5?=*' 



du ^ 
dx 



du . 
dy 



dxdy 



= ^', 



dy" 



= q" Ac. 



The sign of this series, when h is infinitely small, will depend 
upon the sign of its first term. Now we shall obtain all of the 
consecutive states of u, by giving to h and k proper infinitely small 
values, both positive and negative ; and therefore, when u is either 
a maximum or a minimum, the sign of u' — u for all these values 
of A and h must be the same : But the first term of the series (1) 
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evidently changes its sign when the sign of h changes ; there can^ 
then, he neither a maximum nor a minimum, unless 

k 
and since this must he for all values of < = » we must have se- 

h \ 
parately jp = and p^ =z 0^ or 

^ = (2) ^ = (3). 

dx ay 

The values of x and y, deduced from these equations and substi- 
tuted in the second term of series (1), (A and k being infinitely 
small,) should make it negative for a maximum and positive for a 
minimum. This term may be put under the form 






which, if there be a maximum or minimum,^ must not change its 
sign for any value of t ; but this requires that the roots of the 
equation 

//' -'i . . ^ ; ^ (f' ^ q" 

be either imaginary or equal ; that is, that q and ^' have the same 
« sign, and ^'* < qq*' or q'^ = qq". 

The conditions then are 



\dxdy) 



^ X — or = — - X -— 

dxdyj ds^ dy^ dst? dy^ 



and also that — r'and -_. have the same si£m, after the values of 

dix^ dy* ^ * 

X and y deduced from the equations — =0 and -^ =s have 

dx dy 
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f 

been substituted :- And since the sign of the second term will 

then depend upon q", the sign of — - must be negative for a max- 

dy 

imum, and positive for a minimum. 

If the second term becomes 0, we must substitute the values of 
X and y in the third, which must also be 0, and the sign of the 
fourth negative for a maximum, and positive for a minimum ; the 
discussion of the several conditions of which, although complica- 
ted, may be made in a manner similar to the above. 



Examples, 

1. Required to divide a number a into three parts, such that 
the cube of the first, into the square of the second, into the first 
power of the third, shall be a maximum. 

Let X = the first part, and y = the second ; then a ^ x — y 
= the third, and 

u = 9fy^{a — a? — y), 

^ = ^y'iZa - 3y - 4a:), ^ = ^y{2a - Zy - 2x). 

ax ay 

Placing these equal to 0, we have 

3a — 3y — 4a? = 0, 2a — 3y — 2a? = 6 ; 

whence 



a a 

2^ ^3 



We have abo 



J = ^ = 2xf{Sa - 3y - 6x), 
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q' = ^ = x'yiea - 9y - 8x), 

{" = ^ = a»(2a - 6y - 2x), 
ay' 

which for the particiilar values of x and y become 

a* a* a* 

9^ 12^ 8 

Hence 

q^^±.^qq"^^ and ^=-^*; 
^ 144 ^ ** 7? dj^ 8 ' 

u is therefore a maximum when its value is -^ 



432 



2. Make the preceding proposition general, by putting for the 
cube, square, and first power, the mth, nth, and rth powers. 
Then 

ma na 



x = , 



m + n-i-r m + n+r 

3. Required the shortest distance from a given point to a given 
])1ane. 

Let the equation of the plane be placed under the form 

z = Ax + By + J>, 

and the co-ordinates of the given point be x'^ y, and z' ; then 



u = V{x - xy + (y - y^Y + (« - »y, 

or putting for z its value,. 

u= V{x -- x*y + {y — yf -{- {Ax+ By + J) - z^y. 
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Calling the radical, R, we shall have 

du _ y — y + (Aa? + By + D - g^)B 
dy R ' 

du_ a; — a?^ + (Aa? + By + D — gQA 
da; "" R 

« 
Placing these equal to 0, and solving the resulting equations, 

we may obtain the values of x and y ; and thence, of z. Or other- 
wise, putting for Aa; + By + D its value z, we have 

« 

y — y' 4- B(« — %') = 0, and a; — a;' + A(« — %') = 0, 

which are evidently the equations of a perpendicular to the plane, 
and if cembined with the equation of the plane will give the values 
of Xy y, and %, 



*J5, In order that a function of three or more variables be a 
maximum or a minimum, we must have 

du f. du ^ du ^ « 

ax ay d% 

and the relation- between the partial differential coefficients of the 
second order must be such, that the second term, in the develop- 
ment of the difference u' — u shall remain of the same sign, for 
all the consecutive values of the function. 



APPLICATION OP THE DIFFERENTIAL CALCULUS 

TO CURVES. 



76. To a? in the expression 
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assign a particular value, and deduce the corresponding value of u. 
These values, taken together, may be considered the co-ordinates 
of a point which may then be constructed. By assigning an in- 
finite number of values to a?, and deducing the corresponding 
values of u, an infinite number of points may be determined, 
which, being joined, will form a curve whose equation is'w =/(x). 
Hence, we conclude that evert/ function of a single variable may be 
regarded as the ordinate of a curve, of which the variable is the 
abscissa. 



1*1. Let BMM' be a curve, the equation of which is y = f{x) ; 

and M any point of this curve, the* 
co-ordinates being x and y. In- 
crease the abscissa AP or or, by 
the variable increment PP' = h ; 
denote the corresponding ordinate 
T A p r E P'M' by y' ; and draw the secant 
M'MT'. Then 




M'Q = FM' - PM = y - y = PA -f FA* Art. (10). 

From the triangle M'MQ, we have 

tang M'MQ = ^ = tang MPX, 
and placing for M'Q and MQ = PP', their values, this becomes 

tang MT'X = ^^ "^ ^'^' = P + P'A (1). 

A V 



Now if A be diminished, the point M' approaches M, and the 
secant M'T' approaches the tangent MT, and finally when A = 0, 
the point M' coincides with M, and the secant with the tangent. 
If then in (1) we make A = 0, we have 



1 
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tang MTX == P = ^ ; 

that is, the tangent of the- angle which a tangent line at any paint 
of a curve makes with the axis of Xj is equal to the first differen- 
tial c-oefficient of the ordinate of the curve. To show the appHca- 
laon of this principle) let us take the equation of a circle 

jC» + y« = R«; 

wheuoe 

f' = - ^ (2) ; 

dx y 

for the general value of the taugent of the angle made by a tan- 
gent at any point of the circumference, with the axis of X. 

If the particular value at a point whose co-ordinates are s^' and 
y" be required ; for x and y, let a?" and y" be substituted, then 







rfy" 


■ZZ *" 




Take also the 


equation 






i 




»• = 


mx 


+ »»•; 



whence 



dy m + 2nj: m + 2nx 

For the particular point y" and x", this expression becomes 



* NoTE.—The notation JL, -J^, &c., is used to indicate what the 

first, second, &c. differential coefficients become, when for the general vari- 
ables X and y the particular values 7f' and if' are substituted. 

14 
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dy" __ m + 2nar" 



78. If it be required to find the point of a given curve, at which 
the tangent line makes a given angle with the axis of X, we know 
that at this point the first differential coefficient must be equal to 
the tangent of the given angle. Calling this tangent a, we must 
then have 

ax 

and this combined with the equation of the curve will give the 
particular values of x and y^ for the required point. 

If the tangent line is to be parallel to the axis of X, then for 

the point of tangency, -=- = ; and if perpendicular, --? = oo. 

QtX CLX 

We will illustrate each of these cases by an example. 

1. Let it be required to find the point on a given parabola, at 
which the tangent line makes an angle of 45° with the axis. The 
equation of the parabola is y* = 2px, by the differentiation of 
which, &c. we have 

^ = f. 
dx y 

But as tang 45° = 1, we have, for the required point, 

dx y 



V / 



f'l 



and, combining this with the equation ^ = 2px, we find 

2 y i- 
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The tangent at the extremity of the ordiiiate passing through 
the focus, will then fulfil the required condition. 

2. Let 

y = « + (c - *)" (1) 

represent a curve ; then 

• 1=-%-.), 

which is equal to 0, when « = c ; and this value of « in (1) gives 
y = a. These are then the co-ordinates of the point at which the 
tangent is parallel to the axis of X. 

3. Let 

y = a + (c — «)* 
represent a curve ; then 

dy 1 



^ 2(c - x)^ 



^hich is equal to infinity, when x = c. x = e and y = a are then 
the co-ordinates of the point at which the tangent is perpendicular 
to the axis of X. 



79. If x*^ and y represent the co-ordinates of a given point on 
a given curve, whose equation is y = f{x) ; the equation of a 
straight line passing through this point will be 

y — y" = a(a? — x'% 

a being indeterminate. This will become the equation of a tan- 
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ffent line at the given point, if for a we put -t-— . We thus ob- 
tain. 

,_y" = ^ («_«") <1). 

By differentiating the equation of an ellipse 

ay + 6 V = a»6«, 



we deduce 








dx 




whenpe 





and this value in (1) gives, for the equation of a tangent, to an 

ellipse at the point y", «", ctiJirL ^^ '/ "L . C ■ \ j- ' ^ 

which, by reduction, becomes a*yy" + l^xx" = a'ft*. 



80. If the equation of a tangent be required, which shall be pa- 
rallel to a given line, or make a given angle with the axis of X ; 
we may determine the co-ordinates of the point of contact as in 
article (78) ; and knowing these, the equation may be deducied as 
above. 
^ Thus, if a' tangent to a circle be required to mak^ with the axis 
of X an angle whose tangent is 2, we must have for the required 
p6int, equation (2), Art, {11% 

^ = - — = 2. 
dx y " 
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From this, we find y = , which, combined with the eqna- 

tion of the circle, gives ^ w a "^ -^ ^,'2/- ;^,p^ 

V6 V6 



?+ -7=-=2(« --^j or y = 2* - R-/5. 



and equation (1), Art. (79), becomes, when we use the upper 

/ 

81. The general equation of a normal, deduced from equation 
(1), article (79), is evidently 

1 , ^ ^aV/ =:^0 



82. The right angled triangle MTP (Figure of Art 77) gives 
PM = FT tang MTP ; hence PT = ^^ 



i^gMTP' 



or 



Subtangent = ^ = y -?. 

dy dy 

AliBO 

MT = VSF-f pf*, 



! t 



A 
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or 






-w 



i^ 
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Tangent = y/y*+y^^^ ^yyjV+ 



dy' 



d^ 
df 



Xhe rightrangled triangle PMR gives 

PR = MP ling PMR; but PMR = M^; 

hence 



jf ■ ^< 



PR = MP tang MTP, or Stthnormal = y^ 



Also, 



MR= VW + Wi 



hence 



i'f.-ii 



To apply these formulas to a particular curve, it is only necessa- 
ry to substitute in each the value of -r-, or -i^, deduced from the 

ay dx 

differential equation of the curve. The results will be general 
for all points of the curve. If the values for a given point be re- 
quired, in these results let the co-ordinates of the point be sub- 
stituted for X and y. 



For example, take the general equation of Conic Sections, 



y' = mx -f- 7^i^* ; 



\ /. ;* ou 



whence. 






.'. ' / i't.t. tC ' ( I 



V / 



C* UA/ 



^>. , 



dy m -f- 2nx 



dx 2ymx~+~w? 

dy m + 2nx 



These values substituted in the formulas, give 
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Ill 



PT— 2(ma; + nj:^ 
m + 2fix 



PR =: "* + ^"^ 
2 * 



V ^ \m + 2nx J 
MR = \/iiM? 4- naj* H (m + 2fM?)". 



For the parabola n = 0, and these expressioiiB become 



PT = 2x. 



PR=^ 



MT= Vmx + 4aj«. 



MR 



-./ ^ 




i^ 



' 83. If a curve be convex towards the axis of X, and the ordi- 
nate ^^Vm, as in the annexed fi- 
gure, it is plain, that as the abscissas 
AP, AP', &c, increase, the tangents 
of the angles MTX, M'T'X, &c., will 
also increase, and the reverse. Since 
these tangents are represented by 
the corresponding values of the first differential co-efficient of the 

ordinate I ^ I it must he an irtcreadng function of x, and its dif- 
\dxj 

ferential coefficient, i. e., -^, must be positive^ Art. (12). 



K the curve be still convex, and 
the ordinate negative ; the tangents 
of the angles STX, S'T'X, &c. 

plainly decrease as x increases ; -f- 

ax 




/ ^' f,A^ 









/ • 



'' ^ /. 






.' :' >i ^^ *'-c 



' /. 



^^f£^ 
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rf«y 



/.^- 



^ >i'* 

:i// 






is a decreasing function of x\ and ^1^ must be neffattve, 
f da? 




A T 

crease as x increases 



If then a curve be convex towards the axis of abscissas, the or- 
dinate and its second differential coefficient, taken at. the different 
points, will have the same sign, 

** / If the curve be concave, and 

/^ ^ the ordinate positive, as in the 

figure; the tangents of the an- 
^r-ac j^les MTX, M'T'X, &c. will de- 

; Jf will be a decreasing function, and -j4 
dx dor 

negative 

K the curve be concave and the ordinate negative ; the reverse 

will evidently be the case, and -^ will h^ positive. 

ax 

Hence if a curve be concave 
towards the axis of abscissas, 
the ordinate and its second dif- 
ferential coefficient will have con- 
trary signs. 




ASYMPTOTES. 



84. An asymptote is a line which, continually approaching a 
curve', becomes tangent to it at an infinite distance. Asymp- 
totes may be curvilinear or rectilinear. The latter only will be 

considered here. 

Let MV be any curve, and BC a 

rectilinear asymptote. Also let MT 

be any tangent line, the equation of 

which, article (79), is 




t# — y" = -^—\x 



r- a?")' 
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If we make y = in this equation, we obtain 

a? = x" — «"^ = AT (1). 

J£ we make x = 0, we obtsdn 



= «" _ x"^ 



« = v" — x"'2— = AS. 
* * dx" 



.(2). 



Now as the point of contact M, the co-ordinates of which are 
«" and y", is removed farther firom the. origin, the tangent MT 
will approach nearer to the asymptote BC ; and finally, when M 
is at an infinite distance, the two will coincide, and the distances 
AT and AS become respectively equal to the distances AB and 
AC. 

If then the expressions for AT and AS, when suck valties are 
substituted for x^' and y" a5 to remove the point M to an infinite 
distance^ are both finite, there will be an asymptote, which may be 
drawn through the points B and C. 

If one of these expressions becomes infinite, and the other finite, 
there will be an asymptote parallel to the axis on which the dis- 
tance is infinite. 

If both expressions become infinite, there will be no asymptote. 
If both become 0, the asymptote will pass through the origin of 

co-ordinates, and the tangent of the angle' which it makes with 

* dy" 

the axis of X may be obtained from the value of _^i— .when for x" 

and y" the proper values are substituted. 

Hence to construct the asymptote of a given curve ; find, by dif- 

dv" d^' 
ferentiating the equation of the curve, the values of -^ and 

dv^* dy" ' 

which substitute in formulas (1) and (2) ; the results thence ob- 
tained by substituting for x" and y" their values for that point of 




ty^ 



' 15 J 

(J 






4'. : c 



/; 



Ci,<^ til 



/ / 



L w. 



OlA ^ct y - 



c 



/ 



S ' ^ 



i- 






I t if 



u 



(f 



7 



I 
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the curve which is at an infinite distance, will be the distances cut 
off from the co-ordinate axes by the asymptote, if there is one. 



Examples. 

1. Take the equation of lines of the second order, 

By differentiation, &c^ we obtain 

dy __ m + 2nx __ m + 2n» 

da?"" 2y "" =fc2Vfiw? + JW*' 

whence 

dy" _ m + 2nx" 

ds^ "~ db 2Vm^' + «r"*' 

Substituting this and the value of y" = dc y/inx** + im:"" 
in (1) and (2), we have 

AT = ar" - ^(^'' + "^'') = -->^'' = -»* (3). 

m + 2war" w + 2na:" 5L -u 2n 

a?" 



^ mo?" + 2na;"" m / .x 

AO a:v -r db2\/ina/'-MM/'» ±:2./^ 



+n 



In this case, the co-ordinates of that point of the curve which 
is at an infinite distance are x^' = oo and y" = oo. Making a/' 
= 00 in (3) and (4), we have 
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971 m 



AB= - 



HL+in 2n 

OB 



A0= "• "• 



±2y/«^„ ±2V^ 



^^ -^ 



For the hyperbola n is positiye, these expressions are both finite, 
and, as there are two different values of AC, there are two as jmp- ^ 

totes, and since m = and n = — , we have . , - ■ ' -J*-'~ 

AB = — A, AC = ±B. "'" 

For the parabola n = 0, the expressions are ,both infinite, and 
there is no asymptote. 

For the ellipse n is negative and AC imaginary, as it should be, 
since there is no point of the curve at an infinite distance, and of ^ 
course no asymptote. 

2. Take the equation / - - /- 

^ aj* — Saxy + y' = 0. / 

From formulas (1) and (i), we bbtain in this cas^ 

AT = -^J( (6), AS = -:^J! / (B). 

As it is difficult to obtain the value of y in terms of x from the 
given equation, we can not at once eliminate y" firom (5) and (6) ; 
but if we make x = ty and substitute in the given equation, it will 
be divisible by y', and we then find 

Sat 
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If in this we make < = — 1, we have 
y = 00 ; hence when y is infinite it is e<][ual 
to — ic, and for that point of the curve 
which is at an infinite distance we have 
y" = — a?" = 00 . 

Changing y" into — «" in (6) and (6), 
they become 



AT = 



a 



1 + 



a 



AS = 



— a 



1 — — 



a 






and making x" = oo , we find 

AB = — a and 

hence BC is the asymptote. 



AC= — a; 



3. Take the equation ^'y* = p, 

in the curve represented by which, the points at an infinite dis- 
tance have for their co-ordinates a?" = 0, y" = oo , and y" = 0, 
a:" = 00. 



DIFFERENTIALS OF AN ARC, AREA, <&C. 



85. Let u represent any function of x and * 

Q ^ and Q' 

two functions of x and h which have the same limit, denoted by 
m ; and suppose that for all small values of h 



Q< 



w — u 



<Q'. 



Since Q and Q' have the same limit m, they must approadi an 
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equality as h diHUiushes, and each reduce to m when h becomes 

zero ; and since cannot for any small value of A be less 

h 

than Q nor greater than Q', it follows, that being thus compre- 
hended between Q and Q' it must with them, as h diminishes, ap- 
proach nearer and nearer to m, and wh^n h becomes 0, it must 
also reduce to m, or m mtut be its limit, that is, Art. (7), 



--— =3 m, 
ax 



Hence ; if the ratio of the increment {h) of the variable to that of 
the function, for all small values of h, be greater than a certain 
quantity, the limit of which is m, and at the same time less than a 
certain other quantity the limit of which is m, then will the differ- 
ential coefficient of the function be equal to m. 

We must therefore have 

w' — tt = mA + P'A" Art (10). 

By dividing this, first by QA and then by Q'A, we have 

m + V'h mjfFA 

Q Q' 

the limit of either of which is — = 1 : Hence the limit of the 

m -^ 

ratio obtained by dividing the increment of tlie function by either 
of the quantities into h, is unity. 



JB6. Let BM = z be any arc of a curve, the equation of which 
is y :=f^x). Although z changes whenever x or y is changed, 
yet the equation y =f{x) establishes such a relation between x 
and y, that one is necessarily a function of the other, z may 
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therefore be regarded as a function of either. Let ns regard it as 
a function of x, and let AP = «, PM = y ; and increase x by 

PF = A; then 

BM' = «,^ and MM' = x'— « 
will be. the increment of the arc z, and 

M'Q = y' - y = PA + P'A«, 
the increment of the ordinate y, 

p Drawee tangent MN at the point M. We then have 




•/Or /L 



i' 



tangNMQ = ^ = P, 

dx 



NQ = PA, . NQ - M'Q = NM' = - P'A«, 
VmQ' + M^ = A VI + (P + FA)', 



MM' = 



MN = Vmq' + NQ' = h Vl + P, 

But the arc MM', is greater than the chord MM', and less than 
the broken line MN + NM' for all values of h ; therefore 

z' - « > hVl + (P+P'A)", and z' - « < AVl + F - FA», 



or 



«'-.« 



r — « 



> Vl + (P + FA)«, — j^< Vl+F-P'*; 



the second members of eacli of which expressions become 



vTTp^ 



when 



A = 0. 
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Therefore, in aooordanoe with the principle of the preceding ar- 
ticle, we must have 



|=vrTp»V« + ^ 



that is, the differential of an arc is equal to the square root of the 
mm of the squares of the differentials of the co-ordinates of its 
points. 
To illustrate, take the equation of a circle 

«« + y« = R«; 

whence 

, _ xdx _ __ xdx 



y -v/R* - ar« 

and 






87. Since, also, by article (85), the limit of the ratio 

«* — z __«' — « 

hVl + (P + FA)" "" MM' 

is unity, we prove that th^ limit of the ratio of a chord to its cor* 
responding arc is unity. 

i 

88. Let BMP = *, be any area limited by a curve and the 
axis of X ; it will evidently be a function of a?. 
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Lai AP = a?, PM = y, PF 
then P'M' = y + PA + F'h\ 



h\ 



and 



PMM'P' = «' — « 



X the increment of the area s. 



The rectangles PM' and PQ being constructed, we have 

PQ = yh, FW == T'Wh = (y + PA + P'A«)A. 

But the area PMM'F is always greater than the rectangle PQ, and 
less than PM' ; whence 

s' ^s> yh, and *' — « < (y + PA + P'A2)A, 



or 



A 



>y» 



A 



<y + PA + FA^ 



both of which quantities become y, when A = ; hence, Art. (85), 



dx 



= y 



and 



ds = ydx\ 



that is, <A€ differential of the area is equal to the ordinate of the 
bounding curve into the differential of the abscissa. 

The differential of the area included between the curve and axis 
of Y, may be found in the same way to be 

ds = xdy. 

If the axes of co-ordinates are oblique to each other, the rect- 
angles PQ and PM' bec9me parallelograms ; the area of the first is 



yAsinct), 



and of the second 



(y + PA 4- FA«)A sinw, 
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u representing the angle made by the axes of co-ordinates ; whence 

ds ^= y sin u dx. 
For an example, take the equation 



y« = R«-ir«; 



whence 



ds = ydx =r VR' — a^dx. 



Take also the equation 



y* = 2p'x, 



the axes of co-ordinates being oblique ; then 

ds = '^2p^x sin cj dx. 



89. Let the curve BM revolve about the axis of X ; it will gen- 
erate a surface of revolution which will be a function of x^ and 
which we denote by u. 

The notation being as in the preceding articles, the increment 
(m' ~ u) of the surface, when x is increased by v- 
A, will be generated by the arc MM'. ITie line 
MN, tangent at M, generates the surface of a 
frustrum of a cone which has for its measure, 
(since P'N = P'Q + NQ = y + PA), 




MN 



2*(PM + FN) -^ = -r(2y 4. PA) W + PA«. 



»V// 



'i<^:'i->-f"'/\r...' 



I ^ 



'» '. t 



) 



The line M'N generates ^lane surfsice which is equal to the 

difference between the two circles whose radii are PN and PV«^ 

that is, 

16 



/ 









/ / ^^ 
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expressing by R the polynomial coefficient of h\ after reduction. 
The sum of these two surfaces always exceeds the surfewe u' — «, 
therefore ^-^' :r h^-^^ fl^jL ^^f'l'^ i'Ji.S^ 



u ^ u 



< «'(2y + PA)\/1 + P* + RA. 



The chord MM' arenerates the frustrum of a cone which is less 
than tt' — u and measured by {'i^' ;.' - ',•.'■ «' ' 

( ' . » '^ ^^ 

2»(PM + P'M') ^^ = «'(2y + PA 4- P'A*) <^A«+ (PA+ FA^; 



2 
hence 



" . /" > ^2y + PA + P'A«) Vl + (P + P'A)^ 



Since the second members of both the above inequalities reduce 
' to 2flry V 1 + P^ when A = 0, we must have j 

rftt = 2«y'\/diE* -f. €?y'; 

that is, the differential of a surface of revolution is equal to the cir- 
cumference of a circle perpendicular to the axis, multiplied by the 
differential of the arc of the generating curve. If the curve re- 
volve about the axis of Y, we may determine in the same way i 



du = 2«'xV<J^ + d'f, 

K we suppose a parabola, whose equation is y^ =: 2p^, to re- 
volve about its axis, we shall have 
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^ 



1\ 



:u 



"'rv 



I 



du 



^^sJ^^af^^Vf^, 
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00. Let the area BMP revolve about the axis of X ; it will 
generate a solid of revolution, which is a function of x, and 
which we denote by u. If x be increased by 
PP = h, then the area PMM'P' will generate 
the increment (»' — v) of the solid. The rect- 
angle PQ will generate a cylinder, which is al- 
ways less than v' — u, and which is measured 
by *Ky^h, The rectangle PM' will generate 
another cylinder, which is always greater than 
V' — Vy and is measured by «'(y + P^ + P'A*)% ; hence we have 




V — V 

h 

therefore 



>*y' 



and 



u' — u 



< *(y + PA + P'A«)», 



dv 

dx 



= *f 



dv = fl'y'rfa?; 



that is, the differential of a solid of revolution is equal to the area 
of a circle perpendicular to the axis, multiplied by the differenlifd 
of the abscissa of the curve which generates the bounding surfoM. 

For the solid generated by the area included between the curve 
and axis of Y, we may find in the same way, 

dv = n(Q^dy, 

If we take the particular case of the ellipsoid, the equation of 
the generating curve being 
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we haye 



a" 



GENERAL REMARKS. 

91. Heretofore, in our treatment of the subject, we hare regard- 
ed the differential of the independent variable merely as an arbi- 
trary constant, Art. (7), without having fixed upon any particular 
value for it. All the demonstrations are then as true for one 
value, as for another. 

It is however of the greatest convenience, in the application of 
the Calculus to the higher branches of Mathejnatics and Physical 
Science, to regard this di£ferential as infinitely small ; that is, so 
small as to be contained in unity an infinite number of times ; and 
hereafter it will be so regarded. 

The advantages of so regarding it wiU appear evident after a 
few illustrations. Let us take first the simple function discussed 
m article (7), 

U = OiC*. 

After X has been increased by dx^ we have there found 

«' — tt = 2axdx + ada^. 

Now, if the increment {dx) of the variable be infinitely small, 
the two states u and u' will plainly be consecutive, the expression 
finr their difi^enee being 

2aaed» + adtj^ (1). 



•/. 
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But since dx is infoiitelj small, it» square will be infinitely small 
when compared with it : As may be shown by taking the identical 
equation 

1 _ itr __ rfx* . 

from which, since dx is contained an infinite number of times in 
unity, it appears that da^ will be contained an infinite number of 
times in dx ; dj^ in ds^, &c : ado^ will then be infinitely small 
with reference to 2axdx, and may be omitted from expression (1) 
without materially affecting its value ; hence in this case 2tixdx 
VMiy be taken for, or w the measure of, the difference u' — u» 

This is true also in the general case, for all the terms of the dif- 
ference, except the one which we have taken for the differential, 
will contain dx to sl higher power than the first [see equation (3), 
Art. (V)] ; .they may then all be rejected, and the differential of 
the function taken, as the 'measure of the difference between two con- 
secutive states of the function. 

It is plain, also, since 

du = pdx^ d^u = qda^j d^u = r«ir*, &c Art (26), 

that the second differential of a function is infinitely small when 
compared with the first, and the third when compared with the 
second, and so on. It is usual to call these, infinitely small quan- 
tities of the first, second, and third orders ; and we see, from what 
precedes, that every infinitely small quantity may be omitted with- 
out error ^ when connected by tJie sign ± with one of a lower order. 

In the application of the Calculus to curves these principles are 
of great use. Let BMM' be a curve ; MP, M'P', 
any two consecutive ordi nates ; PP' = P'P" 
= P"P'", &c., being each equal to dx ; then 
the difference between y and y', or y' — y = 
M'Q, is equal to dy ; and z' — 2 = MM' = dz\ 
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Or since »' — « may represent the difference MM', M'M", 
M"M"', between any two consecutive states of the arc, the differ- 
ent values of dz may in succession represent the' infinitely small 
arcs MM', M'M", Ac. the sum of all of which will be equal to the 
entire arc x. 

So the difference between the two areas BM'F' and BMP is 
equal to PMM'P' = ds ; and the different values of ds may in 
succession represent the infinitely small areas PMM'P', P'M'M"t", 
&c., the sum of all of which will equal the entire area * : And in 
general, if the variable be increased by its differential, the corres- 
ponding increment of the function may he represented by the differ- 
ential of thefunctionj and the sum of all the different values of this 
differential mil equal the function itself 

In accordance with the above principles, the expressions in arti- 
cles (86), (88), (89) and (90) are at once deduced. 

1. The arc MM' is equal ioz' •— % =■ dz\ and since the limit 
of the ratio of the arc and chord is unity, they continually ap- 
proach an equality as they decrease ; and when both are infimtely 
small, the one may be taken for the other. But 



the chord MM' = V MQ' + M'Q' = ^/d^F+lf ; 

ft 

hence 



dz — Vdix^ -h dy*. 

And if a?, y and z denote the co-ordinates of the points of a curve 
to in space, we may find in a similar way 

dw = Vda^ + dy^ + dz*. 

2. The area PMM'P' =z s* — s = ds; and since the hmit of 

PMM'P' 
the ratio is unity, the area PMM'P', when infinitely 

small, mav be taken for the rectangle PQ. But 



henoe 
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PQ = PM X PF = yrfa?; 



da = ydx. 
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3. The sur&oe generated bj the arc MM' is equal to u' — u 
= dUj and this will not differ from the surface of the frustrum 
generated by the infinitely small chord MM', which is equal to 



[2«y + 2ir(y + dy)] 



MM' 



= ^(^y + dy)dx = 2«^(&, 



since dy may be rejected ; hence 

du = 2«y(22 = 2*y Vds^ + dy^. 

4. The solid generated by the area PMM'P' = t>' — t> = (ft? 
will not differ from the solid generated by the rectangle PQ which 
is equal to 



hence 



cMP" X PF = nefdx ; 



dv = ff^'dr. 



SINGULAR POINTS. 



92. A singular point of a curve is one at which there exists 
some remarkable property, not enjoyed by the other points. 
By a general discussion of the equation 

y= b + c{x'--a)'^ (1), 
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we shall meet with some particular curves, on which. some of these ' 
points will be found. 

1st. Let m be an entire and even number. 

By the diJfferentiationf <fec. of (1), we have 

^£^mc{x^a)^' (2), g=m(m- l)c(*~a)— (3), 



d'^y f 

^ — vnlm. — 



dod 



m 



=s m{fn — l) 2.I.C. 



Pkcing ^ = 0, 

ax 



we obtain 



x = a. 



This value of a:, when substituted in (1), (2), (3), &c., gives 
If s= 5) and reduces the successive differential coefficients to 0, as 
iax as the mth, which, if cbe jwsiUve, becomes a positive constant, 
and is of an even order ; hence y = b la sk minimum ordinate, 
Art. (67). 

Since for x = a, we have -i- = ; the tangent line at the ex- 

dx 

tremity of this minimum ordinate is parallel to 
the axis of X ; and since (m and m — 2 being 
even) for all values of x except a: = a, y and 

-^ are positive, the curve at all of its points is 

convex towards the axis of X, Art. (83). 

If c be negative ; the mth differential coefficient will be nega- 
tive ; and a; = a and y =^b will be the co- 
ordinates of a point at which the ordinate 
is a maximum. In this case, the second 
differential coefficient for all values of af, ex- 
cept a? = a, is negative, and the curve, for all positive values of y, 
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concave) and for all negative values of y, convex, towards the axis 
of X. 

2d. Let m be an entire and odd number. 

When ;b = a, the first differential coefficient as before, is equal 
to 0, as also the second, third, &c. The iwth, however, i/c be po- 
sitive,, is a positive constant, and of an odd order ; there is then, in 
this case, neither a maximunor nor a minimum. Art. (67). 

By examining the second differential coefficient, we see (since 
m — 2 is odd), that for every value of a? < a, 
it is negative ;. that for x =^ a, it is ; and 
when X > a, it is positive ; hence for all values 
of X < a, which give y positive, the curve is 
concave towards the axis of X ; and for all 
values of X > a it is convex, as in the figure. 
Therefore at the point whose co-ordinates are x = a and y = ^, 
as X increases, the curve changes from being concave, and becomes 
convex, towards the axis of X. 

If c be negative ; the reverse will be the case, and as in the se- 
cond figure, at the point M, whose co-ordi- 
nates are X == a and y = ^^ there is a change 
, from convexity to concavity towards the axis 
of X. Such points are singular, and are 
called points of inflexion. In both cases the 
tangent line at the point of inflexion is paral- 
lel to the axis of X, and also cuts the curve. 

3d. Let m be a fraction, the numerator and denominator of which 
are odd, as |. Then 




y = b + c{x — ay, 



dy 
dx 



Be 



6(x— a)*' 



dy 



3c 



6(x — a) 



.Ssc; 






\- 



^^J\ 






^ 



■I 



6, V 
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07 =: a 



gives 



\^ 



y 



, -• 



N 



y = ft 



dy ^ 
dx 



g=»,Ac. 



. d!hf 




Ifche positive ; -Z for all values of x < a will be positive, and 

dar • 

for all values of a; > a, negative ; hence for all 

values of x less than a which give y positive, 

the curve will be convex, and for all values of x 

greater than a it. will be concave towards the 

j^ axis of X, as in the figure. 

Ifche negative ; the reverse is the case, as in the second 
figure. 

The point M, whose co-ordinates are a: = a 
and y = ft, is in both cases a point of inflexion 
at which the tangent line is perpendicular to the 
axis of X. Whence we may say : a point of in- 
flexion is one at which, as the abscissa increases, 
a curve changes from being concave towards any 
right line, not passing throv^gh the point, and becomes convex, or the 
reverse, 

K the right line be taken as the axis of abscissas, this point will 
always be characterized by a change of sign in the second differen- 
tial coefficient of the ordinate. For, since the curve on one side 
of the poipt is concave, and on the other convex, the second dif- 
ferential coefficient in one case has a different sign from that of 
the ordinate, and in the other the same ; hence at the point the 
sign must have changed. In order that this may be the case, 
the second differential coefficient must be equal to zero,' or 
infinity. 

The roots of the two equations 




^=0 
dci? 



and 



dx" * 
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will then give all the values of the variable which can belong to 
points of inflexion. 

It sometimes happens that a point of inflexion lies on the axis 
of X, as in the second case above discussed when 9 = 0. In this 
case » =s a gives 

y = and ^ = 0, 

ax 

and the 'corresponding point M is a point of in- 
flexion, at which both the second diflerential 
coefficient and ordinate change their signs. 

It is evident from the preceding discussion, ^ 
that if any right line be drawn through a point 
of inflexion, the curve on both sides of the point will either be 
convex towards the line, or concave. 

4th. Let m be afmction vntk an even numerator j as |. Theii 

y =^b +c{x ^ a)*, 

dy __ 2c (Py __ 1 2c /; '/ 

dx" 3(j - a)* d?*" "~3" 3(x — a)* 5'"^'^; ^ . ',. 

X = a gives ^ 




y = h §(=00 ^=«. 

dx dsr J 

c being first regarded as positive ; if a? <•«, -^ will be negative, 

dx 

and if a? > fl, it will be positive ; hence at the point whose co-or- 
dinates are x = a and y = b, -^ must change its sign from 

dx 

minus to plus, which change indicates a minimum ordinate. 
Art. (66). 
Jf c be negative ; the reverse will be the case, there will be a 
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V 



V 



change of sign from plus to minus, and the ordinate will be a max- 
imum. 

o In the first case, the second differential eoeffi- 

(p,) cient for all values of a; is negative, and the ordi- 
- nate positive ; the curve is therefore concave to- 
wards the axis of X, as represented in fig. (a). 

In the second case, — ^ is always positive. For 

all positive values of y the curve will then be convex, and for all 

negative values of y concave, as in fig. {h). The 
^ tangent at the point M is in both cases perpen- 

W dicular to the axis of X. 

^~ The point M is singular, and is called a cusp. 
It is a point at which the curve, when interrupt- 
ed in its course in one direction, turns immediately into a contrary 
one.' 

5th. Let m be a fraction with an even denominator, as jf. 
Since the denominator of the fraction indicates that the square 
root is to be taken, the double sign dz must be placed before 

(x — a)*, and we then have 

y =z bdz c{x — ay, 




dx . 2 / '^ -' , - . di^ 



3c 



/ 



4 (a; — a) 



*. 



Every value of a? < a gives y imaginary *, x =^ a gives y = &, 
and x"^ a gives two values, one greater and the other less than 
h. There is then no point on the left of that one whose co-ordi- 
nates are x = a and y = h; but on the right of this point the 
curve must extend indefinitely and consist of two branches. 

dy 



X'= a 



gives 



dx 



=.0; 



the tangent at M is then parallel to the axis of X. 



nc- 
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Each value of a? > a gives two values for — ^, 

the one positive corresponding to the greater 
value of y, and the other negative ; hence the 
upper branch is oonvex, and the lower concave, 
as in the figure, and the point M is a cusp. 



M 



93. Let us now take the equation 

(y — «0'=-^» 
from which we deduce 



r '■ 









^ = 2« ± 5«^ 
dx 2 



dx^ 2 2' 



V , 



l\ ■ ^- hi- 
When X = 0, we have y = 0. If a: be negative, y is imagina- / 'y ^^ 

Yj. For evefy positive value of «, there are two real values of y, 

both of which are positive as long as a^ "^ x^ or a; < 1 ; after 

which, one is positive and the other negative. - v 



When a; = 0, ~ = ; also when 

dx 






2±|a:i = 0, 






16 
or X = — , 

r, A 25 



— ^ c 



hence the axis of X is tangent to Hjje^ curve at the origin, and the 

langent to the lower branch, at the point whose abscissa is 

is parallel to the axis of X. 

The first value of — ^^ belongs to the upper branch, and is always 

dv" 



\ 



y-t 



z 

V 
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positive. The second value is also positive as long as 2 > f } a? , 
or a: < ^y ; after which it is negative. 

, The origin is then a cusp, at which both 

]^ branches lie on the same side of the 

common tangent, and is of the second 
species, those before discussed 'being of 
the first species. The point of the lower branch whose abscissa 
is ^^ is a point of inflexion. 




94. By differentiating the equation 



y = b dz [x — a) Vx — c, 

■ . <i't^- i/y- ■■'■'':■ ty-cu J..I 

we derive ' ^ , 



X — a 



— = db '\/ X ~- c dL - 

dx 2^x — c 

For every value of a: < c, y is imaginary. 



For « = c, y -= b, 



and 



dx 



For every value of a; > c, there are two real values of y. 



For X = a, y = ^j 



and -^ = 

dx 



db Va"— cj 



and at the corresponding point M there are two tangents, one 

making an a^gle, the tangent of 

which is + Va — c, and the 
other — Va — c. The point M 
is singular, and belongs to a class 
called multiple points, or points at 
which two or more branches of a curve intersect If but two 
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intersect, the point is a double 'multiple point ; if three, a triple , 
and so on. Since there will be a separate tangent to each branch, 
at one of these points, it will be characterised by two or more 
values of the first differential coefficient, for the same values of 
the variables. 



95. From the equation 



ay" — «» + fcr* = 0, 



we derive 






y= =fc\/- 



x'ix - b) 



dy __ 
dx 



Zx - 2ft 
2Va(a; — b) 



Since a? = gives y = 0, the origin A is a point of the curve. 
All negative values of x make y imaginary,' as also all positive 
values less than b ; hence A has no consecu- 
tive point. Such points, given by the equa- 
tion of a curve, but having no consecutive 
points on either side,, are singular, and are 
called isolated or conjugate pointsJ^At these 
points it is plain that no tangent can be drawn, 
and that therefore the corresponding valv£ of , ^ 

the first differential coefficient must be imaginary ; as in the above 
example, x = gives ' 




dy 
dx 



- b 



V " ab 



96. We will close this branch of the subject by a discussion of 
the equation 






ay* — g? + {b — c)a^ -f bcx = ; 
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V :i ' dx - 2V<M:(a:-6)~(x + c)' 



Eacli of the values, a; = 0, a? = 6, a? = — c, gives y = 0. 

Every negative value of ar > c gives y imaginary ; while every 
auch value less than c gives two equal values of y with contrary 
signs : Every positive value of a; < 5 gives y imaginary, and every 
such value greater than 6, gives two equal values of y with con- 
trary signs. The ^urve is then symmetrical with reference to the 
axis of X. 

Each of the values, x = 0, a; = 6, a; = — c, reduces -i: to oo ; 

dx 

hence at the three corresponding points the tangent is perpendic- 
ular to the axis of X. rl^^f 



By solving the equation ^'. 







Sa^ — 2x{b — c) — 6c = 0, 



we shall find two real values for a*, 
and thus determine the points at which 
the tangent is parallel to the axis of 
X. The curve may then be drawn 
as in the figure, in which AC = — c 
andAB = b. 



If c = 0, the equation becomes 

ay» - a;' + fee' = 0, 

and the oval AC reduces to the conjugate point A, as in the pre- 
ceding article. 

If ft = 0, the equation becomes 




ay* — aj' — caj* = 0, 
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and the curve takes the form indicated in figure 
{b), the origin being a double multiple point, since 

dx 



— becomes equal to dt\ /^ 
dx ^ V«- 




If h and c are both equal to 0, the equation becomes 



ay* — a!* = ; whence y 



= -V!. 




and the curve will be as in figure (c), the point A being a cusp of 
the first species. 



OSCULATORY CURVES AND CURVATURE. 

97. It is now proposed to examine the tendency which, curves, , 
with a common point, have to coincide with each other in the vi- 
cinity of this point ; and also the use which may be made of this 
property of curves. 

Let there be the three curves BB', 
CO', DD', having the point M common ; 
the co-ordinates of the first curve being 
I'epresented by x and y, those of the 
second by a;' and y', and those of the 
third by x" and y". 

Since the point M is common, for this we have 



:/ ^'' 



> > 




AP = a? = «' = ic" 



PM = y = y' = y". 



Suppose the abscissa AP to be increased by the variable A, we 
shall then have 

18 



^ - ., ' 'fin" 
A" — ^ 

198 
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-^ ^ ^ ' ^ ^ da/ ^<ir'^ 1.2 ^ da;" 1.2. 
/ V -1- 7 ^ ^ rfaj// ^ da^/* 1.2 ^ da?"3 1.2.3 ^ 



3 



in which 



dy <Py d'y 



i4» *<^-» 



dar' d«* da:* 

represent, what the first, second, &c., differential coeflBcients, ob- 
tained fi^m the differential equations of the first curve, become by 
the substitution of the co-ordinates of the common point. 



da^' 



— ^, &c., are corresponding values for the second curve ; 



^ , -J^, <fec for the third. 

d^ ds^"" 

By subtracting the second and third equations, each, member 
by member, from the first, and making 

dx dx' dx da?" 



d^ dx'^ ' dx" dx' 



we have 



1.2 ^ 1.2.3 

M'M'" = BA + B'— + B"-^ + Ac w 
^ 1.2 ^ 1.2.3 

Now, if .^ be made infinitely small, the points M', M", M'", will 
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become consecutive with the point M, and it is plain that the se- 
cond curve will approach nearer to a coincidence with the first, 
than the third does, if M'M" is numerically less than M'M'", 
that is, if 

AA + A'— 4- A"~^ + &c. < BA 4- B'— + B"-^ + &c. 
1,2 ^ 1.2.3 ^ ^1.2 1.2.3 

This condition will necessarily be fulfilled if A is equal to 0, and 
B is not, as we shall have, after omitting the factor A, 

A' ^ + A''— 4- &c < B + B'— -I- B"-^ + &c., 
1.2 ^ 1.2.3 ^ 1.2 1.2.3 ^ 

a true inequality when k is infinitely small, as then the whole of 
the firat member will be less than the finite quantity B. 

But A = gives -^ = -?-, 

dx dxf 

that is, the first and second curves have a common tangent, or are 
tangent to each other at the common point. 

If A = and B = 0, the three curves have a common 
tangent, and in order that M'M" < M'M'", we must have 

A' A + A"-^ + <fec. < B'_ + B"-^ + &c., 
1.2 1.2.3 ^ 1.2 ^ 1.2.3 ^ 

4 

which, it is proved as before, will necessarily be the case if A' = 
and B' is not. We have thus in addition the condition 



If B' = or ^ = ^' also, then M'M" < MW 
if in addition to the other conditions we have 
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A- = or ^ = ^; 

and in general the second curve will have a greater tendency than 
the third to coincide with the first, if the first and second have 
more equal successive differential coefficients of the ordinate at the 
common point, than the first and third. 

Two curves which have a conmion point, and the first differen- 
tial coefficients of the ordinate taken at this point equal to each 
other, are said to have a contact of the first order, or are simply 
tangent to each other. 

K the first and second differential coefficients of the ordinate ta- 
ken at this point are equal to each other respectively, the contact 
is of the second order. 

And, in general, if the first m differential coefficients of the or- 
dinate taken at this point are equal respectively, the contact is of 
the with order. 

To illustrate, take the two equations 

y" = 4a;......(l), y^x + l (2). 

By combining them we find a common point, the co-ordinates 
of which are 

X" —I, y" = 2. 

By differentiation, we find from (1), 

% = ^ (3); whence %=l; ■ 

ax y CM?" 

and firom (2), 

Differentiating again, we have from (3), • • ^ ' .'/J **-,''' 

cPy 4 , (Py" 1 c'c^-^A 
_£= =-; whence -7—5= > 
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and from (4), 

g=0; whence g;'=0; 

The two lines having a point in common, and the first differen- 
tial coefficients of the ordinate equal at this point, have a contact 
of the first order. Since the second differential coefficients are not 
equal, the order of contact is no higher than the first 



98. The constants which enter into the equation of a curve de- 
termine its extent and position with respect to the co-ordinate 
axes. If then one curve be given completely, and another in kind 
only, by its general equation, the constants in this equation being 
arbitrary, we can evidently assign such values to them as shall 
cause the curve to fulfil as many conditions as its equation contains 
constants ; that is, we may make the co-ordinates of one point of 
the second curve equal to those of a given point of the first ; and, 
in addition, as many differential coeffidents of the ordinate taken 
at this point, for the second curve, equal to the corresponding ones 
of the first, as there are constants to be disposed of^ less one ; thus 
giving to the second curve an order of contact at a given point of 
the first, denoted by the number of constants less one. 

To ascertain the values which must be assigned to the arbitrary 
constants : Obtain first, the value of the ordinate from the equation 
of the second curve, (the abscissa being assumed equal to the ab- 
scissa of the given point,) and place it equal to the ordinate of the 
given point ; or what amounts to the same thing, substitute the co- 
ordinates of the given point in the equation of the second curve ; ob- 
tain then the first differential coefficients of the ordinate by differen- 
tiating the equation of each curve, substitute in these the co-ordinates 
of the given point, and place the results equal ; do the same with 
the successive differential coefficients, until as many equations are 
formed as there are arbitrary constants. By the solution of these 
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equations we can find those values of the constants which will 
cause the co nditions to be fulfilled . These, substituted in the 
equation of the second curve, will give an equation which will re- 
present the particular curve having the required order of contact. 

The curve, which at a given point of a given curve has a higher 
order of contact than any other of the same kind, is called an os- 
culatrix. Thus, an osculatory circle is one which has a higher or- 
der of contact than any other circle. 

Since no more conditions can be assigned than there are con- 
stants ; the highest m^der of contact which can he given to a curve, 
is denoted by the number of constants less one, which enter its most 
general equation. 

Let these principles be applied : 

1st. To find the equation of an osculatory right line. 

Let the equation of the given curve be 

and the co-ordinates of the given point, a;" and y". For this 
point, we have 

The most general equation of the right line is 

y = ax'\- b (1), 

containing but two arbitrary constants. The first condition to be 
fulfilled is, that the value of y deduced from this equation, when 
X = ar", shall be equal to y", that is 

y" = ax" 4- b (2). 

The. first differential coefiicient of the ordinate derived from the 
equation of the given curve is — , which for the given point be- 
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dv" 
comes .==--. The first differential coefficient derived from equa- 



dx'^ 

tion (1) is -^ = a ; hence the second condition is 
dx 

^=.a (3). 

3j the solution of equations (2) and (3), we find 

dx" ^ dx" 

These values in (1), give the equation 

This, as it should be, is the same equation as that deduced in 
Art. (79). 

2d. To find the equation of the osculatoiy circle at any point 
of the curve whose equation is y =:f(x). 

Denote the given point, or point of osculation^ by a?" and y". 
The most general equation of the drde is 

(«- a)» + (y - |8)' = £"......(!), 

containing three arbitrary constants. A contact of the second or- 
der may therefore be given to the circle. 

By differentiating the equation y =f[x), and substituting a?" 
and y" in tke first and second differential coefficients, we obtain 

^ and % 

dx" dx""^ 

Differentiating equation (1) twice, we have 

(x — a)dx + (y — ^)dy = ; whence J^ = ^ — --3» 

dx y — p 
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cb^ + dy' -{- (y- ^)(Pp = ; whence ^= —. 

do^ y — )8 

But the conditions that the circle be an osculatrix are, {x being 
assumed equal to x",) 

^ ^ dx dx*' rfaj« " ~d^ 
We shall then have for the three equations of condition, 
(a;// _ a)« + (y" - /3)« = R« (2), 

^-. _ ^' - ^ (Z\ ^ - «. ^" u\ 
dxf' "" y — /3 ^ ^' da;"« y" - ^ ^ ^ 

By the solution of these, we can find the values of R, a and /S, 
which substituted in (1) will give the equation of the osculatory 
circle. 

To illustrate, let us seek the equation of the circle osculatory to 
the parabola whose equation is 

y» = 4a?, 

at the point whose co-ordinates are a:" = 1, y" = 2. 

Differentiating the given equation twice, and substituting the co- 
ordinates 1 and 2, we find 



is =1; 

dx y ' 


whence 


dx" -^' 




u 


d'y" _ 1 
dx"* 2 
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These values, with the co-ordinates of the given point, placed in 
the equations of condition, g^re 

(1 - «)• + (2 - /3)' = R' 

1 l-« _1 2 . 

~ 2-0 2 ~2—0' 

I 

t 

a = 6 j8 = — 2 R= ^32, 



whence 



and the equation of the osculatory circle will then be 

(x — 5)« + (y + 2)« = 32. 

1 , 09. Since in the three equations of condition just considered, x" 
and y" niay, in succession, be made to represent every point of 
the given curve, we may omit the dashes and write the equations 
thus 

{x-ay + (y- 0y = R« (1), 

*-« = - t(y-^y— (2). 

y-^--^^ («)' 

in which it must be recollected, x and y are the co-ordinates of 
the point of osculation, a and ^ the co-ordinates of the centre of 
the osculatory circle, and R its radius. 

Substituting in (1) the value of a: — a, and reducing, we ob- 
tain 

19 
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whence, by the substitution of the value of y — i^, 



dxd^y 



which is a general value for the radius of the osculatory circle. 
liz denote the arc of the given curve, then 



dz = •\/5d?"+rfy^ Art. (86); 

hence the above expression for R becomes 

d^ 



R 



dxd^y 



100. If 9 denote the angle made by the radius of the oscula- 
tory circle drawn to the point of osculation, with a fixed line as 
OP, M and M' two consecutive points, and MC and M'C the 

corresponding radii intersecting at 0, then 

MC = R, MM' = d%, nn' = d(p Art. (91). 

Since MOM' may be regarded as a triangle 
° right-angled at M, we have 

MM' = MC tang MOM', 

and since MOM' is infinitely small, the arc which measures it may 
be taken for its tangent ; hence 

dz = R^9, and R = --— . 
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101. The first value of R in article (99) has been deduced under 
the supposition that x is the independent variable. It is some- 
times desirable to change this independent variable, during the 
discussion of expressions of this kind, and to regard y or some other 
variable quantity in the expression as the independent one. A 
more general expression for R may be obtained without the par- 
ticular supposition referred to, if we recollect that -i- has been de- 
ax 

dttced by the differentiation of -^, regarding d(dx) = 0. 

K we differentiate this expression on the supposition that both 
dy saddx are variable, we have 



[dxj 



,/ ay \ dxd^y — dyd'x 



which must take the place of — ^, or for 

dx 

dxd^y we must put dxcPy — dycPx. 

The value of R thus becomes 

{da^ + df)i _ d^ . 

^ "~ ^ dxd^y - dyd'x dxd^y - dyd'x ^ ^ 

If in this, dx be regarded as constant, we shall have the value of 
R, as in article (99). 

If dy be constant, or y regarded as the independent variable, 
then 

R ^ (dx' + dff ^ di? 
dyd^x dyd^x 

If « be regarded as the independent variable, d% will be constant, 
and rf(da;") = ; whence 



( 



/ ,} 
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dxcPx + dyd^y = 0. 



Adding the square of this, to the denominator of the value of R' 
taken from (1), we have 



E« = 



rfz« 



d7^ 



[{d'yf + [d'xy] {df + dc^)^ {d^yf + {d'xf 

dz" 



R = 



Vld^yy 4- {d'xf 



102. Since the curve and osculatory circle at a given point have 
a tangent in common, they must also have the same normal ; but 
the normal to the circle passes through its centre, the normal to 
the curve must then pass through this centre ; or the radius of the 
osculatory circle^ dravm to the point of osculation^ is normal to the 
curve. 



103. Let BB' be any curve, and CC an arc of the osculatory 

, circle. Then since ~ = — and —^ = --i-^ 

rfa? dx^ dor dx'^ 




^ we shall have. Art. (97), 

h^ .... A* 



M'M" = A". 



1.2.3 



-f A'": 



1.2.3.4 



4- &c (1). 



When h is infinitely small, the sign of M'M" will depend upon 
that of the first term of the series, which will have the same sign 
as A" when h is positive; and a contrary one when h is negative ; 
that is, M'M" and m'm'' have contrary signs. If then M" is below 
the curve BB', m" will be above it, and the reverse ; and the circle 
CC must intersect the curve at M, 

It may be shown in the same way, that any osculatrix of an 
even order intersects the curve ; while one of an uneven order does 
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not : As, when the order of contact is even, the first term of (1) 
will contain h with an odd exponent, and will therefore change its 
sign when h becomes — h. This will not be the case when the 
power of h in the first term of (1) is denoted by an even number. 

The osculatory circle, however, does not intersect at those points 
about which the curve is symmetrical with its normal. For, ordi- 
nlktes being drawn from the points of both, perpendicular to the 
common normal, if the ordinate of the curve on one side is greater 
than the corresponding ordinate of the circle, it will be so on the 
other side ; as may be seen in the figure, 
in which, if iw > jw, then jpn' > ^w' ; 
or if jw < pOj then pn' < jJo' ; hence, 
in this case, in the vicinity of the point M, 
the circle lies entirely within or entirely 
without the curve. In these cases it will 
be found that the order of contact of the 
circle is odd, and higher than the second, for unless A" = 0, the 
circle must intersect, as shown by the preceding demonstration. 

Since the osculatory circle has a more intimate contact with a 
curve at a given point than any other circle, it will necessarily se- 
parate those circles which are tangent without the curve from those 
which are tangent within. 




W 



104. The curvature of a curve at a given point is its tendency to 
depart from its tangent at that point. Thus, of the 
two cuiTcs AC and AB, having the common tan- *'"^<^' ^ 
gent AD, the former has a greater tendency to de- 
part from the tangent, and has the greatest curva- 
ture. 

The curvature of the circumference of a circle, is evidently the 
same at all of its points, but of two difierent circumferences, that 
one curves the most which has the least radius ; as in the figure, 
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the tendency of ahd to depart from the tan- 
gent is greater than that of a&'d', and this 
tendency plainly increases as the radius de- 
creases, and the reverse ; that is, the curva- 
ture in ttoo different circles varies inversely 
<w their radii. 

This being the case, the expression ~ may be taken as the mea- 

sure of the curvature of a circle whose radius is R. 

Since the contact of the osculatory circle with a curve is so in- 
timate, its curvature may be taken for the curvature of the curve 
at the point of osculation ; and the two in the immediate vicinity 
of this point, may be regarded as one and the same curve ; hence, 

to compare the curvatures at dif- 
ferent points of a curve, we have 
only to compare the curvatures of 
the osculatory circles drawn at these 
points. Thus in the curve MM', 




curvature at M : curvature at W 



a . 



1 

y 



105. The radius of the osculatory circle at a given point of a 
curve is called the Radius of Curvature^ at that point. The gene- 
ral value of this radius is given in article (99), and it may be 
found for any particular curve, by differentiating the equation of 
the curve, and substituting the derived values of dy and ^y in the 
formula. 



R = d= 



{d^ -h df)i 
dxd^y 



If the value at any particular point of the curve be required ; 



I • 

I 
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for X and y in the value just deduced, substitute the co-ordinates 
of the particular point. 

As only the absolute length of the radius of curvature is re- 
quired in determining the curvature of curves, we may use either 
the plus or minus sign of the formula. It is best, in general, to 
use that which, taken with the sign resulting from the expression, 
will make R essentially positive. 

Let it now be required to find the general expression for the ra- 
dius of curvature of Conic Sections. 

Their equation is 

1^ =z mx + na^ ] whence dy = A — Z! 1 — , / • ^ , . /-i 

„ __ 2nydx^ — (»« + 2Tix)dxdy _ [4ny* — (m -t- 2na;)^]c?a!* 
These values substituted in the formula, give 



/ 1 . t " 









2m^ 

and this, after dividing both terms of the fraction by 8, may be 
put under the form 

^ __ {^/mx 4- war^ 4- i (^^ + 2vi£ff ,^x 



the numerator of which is the cube of the normal, Art. (82) : 
Hence the radius of curvature at any point of a conic section, is 
the cuhe of the normal divided hy the square of half the para^ 



) 



(k-n . .'/',. ./. /-d . ./; 



t/^ ^ •'• . -< > > 



, «.. i.t,:'.-u .._^. C^(0_ Vxe.-rvtot) 
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meter^ and the radii at different points are to each other as the 
cubes of the corresponding normals. 

If in (1) we make a? = 0, we have, at the principal vertex, 



tit 
R = — = <me half the parameter^ 



which for the ellipse and hyperbola is — . 

A 

The radius of curvature at the vertex of the conjugate axis of 

the ellipse is obtained by substituting in (1), 



2B« w - - ]?! 



m = — , 71= , and « = A. 

A 2' 



The result is 



R = —- = one half the parameter of the conjugate axis, 
13 



It may be readily shown that — is the lea^t valtie which R ad- 
mits of; therefore the curvature at the principal vertex of a co- 

A' 
nic section is greater than at any other point. Likewise, -^ is 

the greatest valtie of R in the ellipse ; hence the curvature of the 
ellipse is lea>st, at the vertex of the conjugate axis. The curva- 
ture of the other two curves diminishes as we recede from the 
vertex. 

For the parabola n = ; we then have 
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EVOLUTES. 

106. If at the different points of a given curre oficulatory 
circles be drawn, and a second curve 
traced through their centres, the latter 
is called the Evolute of the former, 
which is the Involute. ' Thus CC" is 
the evolute of the involute MM'", 
Points of the evolute may always be 
constructed by drawing normals at the 
different points of the involute, and on 
each of these normals laying off the 
corresponding value of R, deduced as in article (105). 



107. If a and j8, the co-ordinates of the centre of the osculatory 
circle, be regarded as variables, they will determine all the points 
of the evolute ; but a, ^, and R, are functions of x and y, the co- 
ordinates of the points of osculation ; and the relation between 
these ^we variables is expressed by the three equations of Art. (99), 
which may be written thus. 




{X - a)« + (y - ^)« = R«. 



(1), 



{x - a)dx + (y - P)dy = (2), 

{y - Pyy + df '\-dj?=^ (3). 



If we differentiate (1) and (2), regarding all the quantities, ex- 
cept dx^ as variables, we obtain 

{x - (i)dx + (y - p)dy - (a? - a)da - (y - ^)dp = IWR, 

dar* + dy" + (y — ^)d^ — dxdu. — dyd^ = 0, 
20 
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and/ these, by means of equations (2) and (3), are reduced to 

— (a; - a)da — (y - /3)rf/3 = BdR (4), 

— dxdoi — dyd^ = (6). 

Equation (5) gives 

dx dfi v^v 

"^^ST "•••^^^* 

■ 

dor 

is the tangent of the angle which a normal to the involute 

dy 

dS . 
at the point {x, y) makes with the axis of X, Art. (81), and J~ is 

da. 
the tangent of the angle which a tangent to the evolute at the 
point (a, 13) makes with the same axis ; hence these angles are 
equal. But the normal at the point {x, y) passes through the 
point (a, j8), Art. (102) ; therefore the normal and tangent form 
one and the same line ; that is, tlie radius of curvature is normal 
to the involute, and tangent to the evolute. 

The evolute may therefore be constructed, by drawing a cur>-o- 
tangent to the normals at the different points of the involute. 

From what precedes, it is plain that the evolute may be re- 
garded as formed by the intersections of the consecutive normals 
to the involute, and that the point of intersection of any two con- 
secutive normals may 'be taken as the centre of the osculatory 
circle, which passes through the two consecutive points of the 
involute at which the normals are drawn. 



108. Equation (6) of the preceding article, combined with (2), 
gives 
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Sulbstituting this value in (1), we have, afiter reduction, 

(, _ ^).^=:^ = R» (7). 

Substituting the same value in (4), reducing and squaring both 
membei's, we obtain 

Dividing this bj (7), member by member, and taking the root, 

But if X represent the arc of the evolute, we have 

dx = Vda* + d^ Art. (86); 

hence 

dR = d«, dR — rf« = 0, d(R — «) = ; 

whence R — z must be a constant, Art (14), or 

R = a; + c. 



109. If any two radii of curvature be drawn, as one at M and 
the other at M' ; the first being denoted by R, the second by R', 
and the corresponding arcs BC and BC by z 
and z'y we have 

R = « + c R' = z' + c; 



whence 




R' — R = «' — «; 



I 






C' 









/ 
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that is, the difference between any two radii of curvature is equal to 
the arc of the evolute intercepted between them. 

If in the equation B, = z + c^we make z = 0, and denote by 
r, the corresponding value of R, we shall have 

r = + c = c; 

that is, the constant c is always equal to the radius of curvature 
which passes through the point of the evolute, from which its arc 
is estimated. 



If we estimate the evolute of t^e ellipse 
from the point C, we have 




c = MC = -. 
A 



.Art. (106). 



hence 



A 



Also, since 



M'C = ^, 



A* W 

M'C — MC = — - _ = CC. 

B A 



If the evolute and one point of the involute be given, and a 
tiiread be wound upon the evolute and drawn tight, passing 
through the given point M, fig. (a) ; when the thread is unwound 
or evolved^ the point of a pencil first placed at M, will describe the 
involute ; for, by the nature of the operation, GC is always equal 
to M'C -MC. i 



110. Tho equation of the evolute of any curve may be found 
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thus : Differentiate the equation of the involute twice ; deduce the 
expressions for dy and (Py, and substitute in the equations 



' - ^ = - ^- w 



^-'*= -|(y-^) (2) 



' Art (99) ; 



combine the results, which will contain the four variables a, /3, x, 
and y, with the equation of the involute, and eliminate x and y ; 
the final equation will contain only a, /3, and constants, and will 
therefore be the required equation. 

As an example ; let it be required to find the equation of the 
evolute of the common parabola. 
The equation of the involute is 



V.'.' 



y* r= 2px ; whence JLzszil-' 

dx y 



:..- .. . ••/:'' 



f ' ^- y* 

Substituting these values in (1) and (2), and reducing, we have 



^ • 



y - ^ = ^ + y ; whence — ^ = -^ (3) ; 



9 * 



x^a=^^^p (4); 

P 

and putting for y, in (3) and (4), its value V^px = (2p) « , 
have , , . " < , 

-- p =z — — ., a? — a = — 2a? — J). 



w 

we 



^ 






^ ^* 



^ 

v^.'-^- 

^ 



rp 



n 
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The value oi x z=z —(a — p) taken from the last equation, 

3 

id substituted in the preceding, g^ves 



which is the required equation. 

K we make /8 = 0, we have « = ^, and laying off 

AC = ^, will be the point at which the 
evolute meets the axis of X. K we trans- 
fer the origin of co-ordinates to this point, we 
have 




"L ^ ■ i 



a' = a — ^, 



i8' = ^; 



hence 



j8'« = 



8 



_ -/ 



27p 



a 



/3 



Since every value of a' gives twa- values of j8', equal with con- 
trary signs, the curve is symmetrical with the axis of X. If aJ 
be negative, j3' is imaginary, and the curve does not extend 
to the left of 0. The branch CC belongs to AM, and CC" to 

AM'. 



TRANSCENDENTAL CURVES. 



111. The most general division of curves is into the classes. 
Algebraic and Transcendental, 

When the relation between the ordinate and abscissa of a curve 
can be expressed entirely in algebraic terms [see Art. (5)], it be- 
longs to the first class ; and when such relation can not be ex- 
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pressed without the aid of transcendental quantities, it belongs to 
the second class. 



112. One of the most important of the latter class is 



jl 



THE LOGARITHMIC CURTB, 



SO named, because it may always be referred to a set of co-ordinate 
axes, such that one co-ordinate will be the logarithm of the other. 
Its equation is usually written . 

y = log a:, 



y 



or, if a be the base of the system of logarithms, 

The curve is given when a is known, and 
may be constructed by laying off on the axis 
of X the different numbers, and on the cor- 
responding perpendiculars, the logarithms of 
these numbers: Or it may be constructed 
from the equation x = a^, by making y = ^, 
f , i, <fec. ; whence the corresponding values 
oix are 



X = Vfl^ a? = a Vo^ X = Va, <fec. / . ^ - 

When y = 0, a? = 1. This being the case for all systems 
of logarithms, shows that all logarithmic curves, when referred to 
the same axes, cut the axis of X, or axis of numbers^ at a distance 
from the origin equal to unity. 

11 a '^ l,and a: > 1, y is positive and increases as x increases ; 
if 0? < 1, y is negative and increases numerically as x decreases 




/ c .-t 



/ 
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until 0? = 0, when y s=s — oo . If a; be negative, there will be no 
corresponding value of y. The curve will then be of the form in- 
dicated by the full line in the figure. 

K a < 1, the reverse will be the case, and the curve will be re- 
presented by the dotted line. 



113. If now we differentiate the equation y = log or, M being 
the modulus, we deduce 



dy M 
dx X 

1 


dSf M 

ds? "" «*' 


a? = 


dy M 
dx 



When 



hence the tangent at the corresponding point is the axis of Y ; and 
since for a? = 0, y = — oo , this tangent is an asymptote. 

When ir=oo, ^ = ^ = 0. 

dx 00 

But 07 = 00 gives y = oo ; hence there is no tangent parallel to 
the axis of X, at a finite distance from it. 

The value for the subtangent on the axis of X is 

PT = y^ = loga;^. 
^dy ^ M 

If the subtangent be taken on the axis of Y, we have 

SS' = a?$? = M • 
dx 

that is, the subtangent on the cLxis of logarithms is constant^ and 
equal to the modulus of the system in which the logarithms are 
taken. 



DITFERSNTIAL CALCULUS. 161 

If M = 1, SS' = 1= AB. 

Since, when a > 1, — is n^ative for all values of x^ the part 

€LXi 

BM is concave towards the axis of X, and BM' convex. 

When a < 1, M is negative, -^ will be positive, the part Bm' 
convex and Bm concave. 



114. Another remarkable transcendental curve is, 

THE CYCLOID, 



'» 



which is generated by a point in the circumference of a circle, 
when the circle is rolled in the same plane, along a given straight 
line. 

Let AB be the given line, and suppose the circle to have been 
placed upon it, so that the generating point was at A, and then to 
have been rolled to the position RME. 

The generating point now at M, has generated the arc AM. 







Take the origin of co-ordinates at A, and let AP = a?, PM = y 
and RE, the diameter of the generating circle = 2r ; then 

AP = AR - PR (1). 

But since every point of the circumference from M to R, as the 
circle was roUed, came in contact with AR, we have 

AR = arc MR = ver-sin~*RN = ver-sin~*y. 
21 
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Also, 
PR = MN = \/RN xNE = Vy(2r - y) = V2ry - y*. 

Substituting the values of AP, AR and PR in (1), we have 

r 
X = ver-8in~*y — •\/2ry — y*. (2), 



'V. . /' . u ,r '/ ^ '' ■ '^ 



which is the equation of the Cycloid. 

After the circle has been rolled over once, every point of the 
circumference will have been in contact with A6, and the genera- 
ting point will have arrived at B ; we have then 

AB :^ circumference of geMtating circle = 2«r. 

The given line is called the base of the Cycloid, and the line 
CD = 2r perpendicular to AB at its middle point, is the axis. 

-^ If the rolling of the circle be continued beyond the point B, an 
infinite number of arcs, each equal to ADB, will be generated. 

Every negative value of y in equation (2) makes x imaginary ; 
hence there is no point of the curve below the aids of X. 

- y = 2r, gives x = ver-sin~*2r =z ^r =:^ AC. 

Every value of y > 2r makes x imaginary ; hence the great- 
est ordinate of the curve is equal to the diameter of the genera- 
ting circle. 

By differentiating (2) we have, Art. (42), 



t ' / 



ii • I 



dx = ^^y _ '^^y - y^y . 

V2ry — y« V'2ry — y« 



or reducing 



d. = -^M== (3), 

- V 2ry — y* 
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which is the differential equation of the Cycloid. 



115. Suhstituting the preceding value of dx in the formulas of 
article (82), and reducing, we have 



Sithtangent^ PT = 



V2.ry - y* 



/■ 



/ 



Tangent, MT = yv2>y , 

Vary — y» 



^^'/ 



; 



CLy. 



h 



C 



t ^ 



Svbnormal, PR = V2ry — y*. 
JSTormaly MR = V2ry. 



V 






.'3^'/- 



;<• 



» / ' '. 



Since the subnormal PR = V^ry — y* = MN, the dikmeter 
ER and normal MR intersect the base at the same point. Hence, 
to construct the normal at a given point, join it with the point 
at which the corresponding position of the generating circle is 
tangent to the base : Or, upon the greatest ordinate CD as a 
diameter, describe a circle, and, through the given point M, draw 
a line parallel to the base, from the point F in which it cuts the 
circle, draw the two chords CF and DF to the extremities of the 
diameter ; a line through the given point parallel to CF will be 
the normal, and one parallel to DF the tangent. 

K it be required to draw a tangent parallel to a given line as 
T'T" ; draw the chord DF parallel to the given line, from F draw 
FM parallel to the base ; the point M is the point of contact, 
through which draw a line parallel to T'T". 



116. From equation (3), article (114), we have 
dy _ V2ry — y* ^a /^^ ^j 



(1). 
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which becomes when y = 2r, and oo when y = ; henoe at 
the extremity of the greatest ordinate, the tangent is parallel to 
the base ; and at the points A, B, <kc., where the curve meets the 
base, it is perpendicular. 

If we square both members of equation (1), we have 

^ == ?r - 1. 
da? y 

Differentiating both members of this, we have 

2dyd^y _ 2rdy ^V _ ^ 

This second differential coefficient being negative %r all values 
of y, the curve is concave towards the axis of X, Art. (83). 

117. Substituting the values of dy and d'y in the expression 

j^^ (da? + dff 
dx^y 

we obtain 

/ 2ryda» Y 
rda? 



or since V2ry is the expression for the normal, Art. (116), the 
Badius of Curvature is equal to twice the normal at the point of 
osculation. 

If y=0, R = 0; andif y = 2r, R = 4r; 

hence the radius of curvature at A, (see figure in next article) 
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IS equal to 0; and at D is 4r; therefore, Art. (109), the arc 
AA' = 4r. 






118. To obtain the equation of the evolute let us substitute the 
values of dy and d^y in equations (1) and (2) of article (110). j ^ 

After reduction, we find 

y - jS = 2y, 
whence 

y = - /3, 



X 



— a = — ^^2ry — y^{' 



^x 









a;=a— 2-/ — 2rfi — ^8". 



These values, in the equation of the involute. Art. (114), give 



r^ J 



a = ver-sin-' — jS + V — 2r/3 — j8« (1), 

for the required equation. 

If we produce DC to A' making CA' = DC, and then transfer 
the origin to A', the new axes being 
A'X' and A'D, and the new co-ordi- 
nates a' and /3', we shall have for 
any point, as M', 

AG = a, GM' = - j8, 

A'F = a', P'M' = i8'. 

Since AC = rr, and CG = AT', 




V 



.•' -*• ii 



* - 



a = 4rr — a 



/ . 



and since GP' = 2r, 



GM' = 2r — jS', or — j8 = 2r — /3'. 



Substituting these values in (1), we have 



>/ 



U' 



• -- / 



- -^ 



/\^ 
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;^< 



c^^ 



irr — a' = 
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ver-sin-\2r - ^8') + -/2r/3' - /S". 



whence 



a' = <r — ver-sin 






But icr — ver-sin~*(2r — jS') = verHsin"*)^' ; hence the last 
equation becomes 

a' = ver-sin-*i8' - V2r/3' — )8'«, 

which is the equation of the evolute referred to the new axes, and 
is of the same form and contains the same constants as the equa- 
tion of the involute, therefore the two curves are equal. 

Since arc AA' = 4r, its equal AD = 4r, and ADB = 4.2r; 
that is, eqwd to four times the diameter of the generating circle. 



THE SPIRALS. 



119. If a right line be revolved uniformly, in the same plane, 
about one of its points ; a second point of the line continually ap- 
proaching, or receding from the fixed point, in accordance with 
some prescribed law, will generate a curve called a spiral. 

ITie fixed point is called the pole or eye of the spiral. The por- 
tion of the spiral generated while the line makes one revolution, is 

called a spire ; and since there is no limit 
to the number of revolutions, the number 
of spires is infinite, and any straight line 
drawn through the pole of the spiral will 
., , p — njj — 1„ intersect it in an infinite number of points. 
\ \>— ^ / The system of polar co-ordinates being 

used to determine the different points of a 
spiral, its equation will, in general, be of the 
form 



/ 
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in which u denotes the radius vector, and t the variable angle. 

120. Be^e discussing the pArticular spirals, it will be necessary 
to determine general expressions for the subtangent, &c., and the 
differentials of the arc and area, in terms of polar co-ordinates. 

The subtangent, in such case, is the part of the perpendicular to 
the radius vector of the point of contact, intercepted between the 
pole and the point where the tangent meets this perpendicular. 
Thus, if A be the pole, and MT the tangent, AT perpendicular to 
AM is the subtangent. To find the ex- 
pression for it ; let the arc i receive the 
increment PP', (AP being = 1) ; de- 
scribe MC with the radius AM =■ u ; 
draw the chords MC and MM', and the 
line AT' parallel to MC, and produce 
MM' to T'. From the similar triangles 
MM'C and M'AT', we have 




M'C:MC::M'A:T'A; 



T'A 



MC X M'A 



M'C 



.(1). 



/ 



v 



Also from the similar sectors APP' and AMC, 

1 : PP' : : AM : arcMC; arcMC => AM X PP'. 

Now suppose the increment PP' = dt^ then M'C = dw, 
Art. (91), M' becomes consecutive with M, the secant M'T' 
coincides with the tangent MT, T'A = AT, 'AM' = AM = « 
and chord MC = arc MC = vdU 

Making these substitutions in (1), we have 

AT = subtangent = (2). 

du 










y 



\ 
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From this we deduce 



AT AT udt . .T^rr 
— = — -- = — = tang AMT. 

u AM du 



The tangent MT = VaSP + Al^ = u\/l +u'— . 



u "^ ct^ 



The similar triangles AMT and AMR, give ^^ ^ ^/./^ -' ^ » 

AT \ u \\ u I AR ; AR = — ~. = — =• subnormal, 

AT dt 

When M' is consecutive with M, MM'C may be regarded as a 
triangle, right-angled at C ; hence 



MM' = Vm'C' H- MC' . 

But MM' is the differential of the arc ; therefore 

dz = Vdu* 4- wW. 

If ADM be any segment, AMM' will be its increment when 
t is increased by dt. Calling the segment *, AMM' will then be 
ds^ and may be measured by the sector AMO. But the area of 
the sector 

AMC = IaM X arcMC = —\ 
2 2 ' 

hence , 

uHt 



ds = 



2 



It should be observed, that all of these expressions may be 
found precisely as in the corresponding cases in rectilinear oo-ordi- 



/ 
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nates, but it is better to avail ourselves of the more simple process 
indicated in the general remark^Art. (91). 



121. An equation, from which the particular equations of most 
of the spirals may be deduced by assigning particular values to a / 

u — ai'' Ol\ctkA^ L -^ 
If n be positive, < = will give w = 0, 



and the spirals represented by the equation have their origin at 

the pole. It^at'^, a^ ud - ""^ . oo dt -^ 



C . ^ O^'^ 



c 



7 



If n be negative, t =z will give w = oo , 

and the spirals have their origin at an infinite distance, contin- 
ually approach the pole, and u becomes equal to only when 

< = 00 . 



122. Let n = 1, then u = a/, 

and if u' and <', u" and <", represent the co-ordinates of any 
two points of the spiral, we shall have 

^ u \ - ' 

tt' : tt" \\ t' \ i", 

or the law in accordance with which the generating point must 
move is, that the radius vectors shall he proportional to the corres- 
ponding angles. 

The curve thus generated is the Spiral of Archimedes. 
22 
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If we take for the unit of distance, the length of the radius 
vector after one revolution ; then « = 1, I = 24r, and the 
equation gives 



1 = a.24r, 
and the primitive equatio^al)ecomes 



u = 



2flr 



whence 



2* 



. dt 

au == — . 

2V 



This spiral may be constructed by dividing a circumference into 
any number of equal parts, as 8, and the radius A6 into the same 
number of equal parts. On the radius AC lay off one of these 

parts ; on AD two, AE three, <fec.; on AB 
eight, then again on AC nine, <kc. The 
distances thus laid off will be proportional 
to the angles BAC, BAD, &c,, and the 
curve through their extremities the re- 
quired spiral. 

Substituting the values of u and du in 




equation (2), Art. (120), we have 



AT = subtangent = 



2ir 









// / 



K ^ = 2r, that is, if the tangent be drawn at the extre 
mity of the arc generated in one revolution, we have 

AT = 2** = circumference of measurmg circle. 

If ^ = m.2ir, or the tangent be drawn at the extremity 
of the arc generated in m revolutions, 



AT = ffi'.2«' = w.2»Mr ; 
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that is, equal to m times the circumference described tpith the radius 
vector of the point of contact. 

For the subnonnal we find 

dt 2it 



123. K n = h ^^ general equation becomes 

u = at^ , or tt" = a*t 

This equation being of the same form as that of the parabola, 
the curve given by it is called the Parabolic Spiral, 

It may be constructed by first constructing the parabola whose 
equation is y' = ^'^^ and then laying off from P to B, C, 

D, ScCy along the circumference, any assumed 

^^,^ abscissas, and from ^ to M, M', <fec., the oor- 

y\ \ y\ responding ordinates ; the points M, M', <fec, 

/ /\J5i;'' V "^^ ^ points of the spiral, since for each we 

have 

y* = a\ or 
The subtangent at any point is AT = 




tt« = aH. 




^4. r/u : 


■ .■■// -r/ 


a* 


.-'a' 



124. If n = — 1, tt = af" becomes 

I a 
u = af"* = ^ or »< = a, 

and the spiral thus given is called the Hyperholie Spiral, 

If tt' and i', u" and <", be the co-ordinates of any two points of 
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the spiral, we have u' =— , and u" = — ; whence 



tt' : u" : : — : — 



1 1 

• 

7 ' 7'' 



or the radius vectors are inversely proportional to the angles, 

K M be any point of the spiral, 




AM = t4, 



MAP= t. 



The right-angled triangle MAP, gives 



u = 



MP 

sin^ 



Substituting this value of u iit the equation ut = 



MP = a 



sin^ 



= 0, we find 



'- .' / 



As < IS diminished, this value approaches nearer to a, and since 
[ j = 1 ; when < = 0, we have MP = a. 

If then at a distance AC = a, a line be drawn parallel to AP, 
it will continually approach the curve and touch it at an infinite 



distance. 






C( 






uHt 






/;-■: 



."c V. . ^ 






The subtangent AT = __. = — a. 
It is then constant and equal to AC. Also, 



I ' 



'<- 



■i ^ < 



!?1'= tangAMT= - t\ 
du 






J 



that 18, the tangent of the angle made by the tangent and radius 
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vector is equal to the arc which meaeures the angle made hy (heror 
dius vector and fixed line. 

We may apply these properties to the oonstmction of the cturye 
by points, thus : With A as 
a centre and radius = a, de- 
scribe a circle ; join any point 
T with A, draw the indefinite 
radius vector AM perpendic- 
ular to AT. Make AD = 
arc PN ; join D and N, and 
draw TM parallel to DN, M will be a point of the curve ; for by 
the construction 

AD = tang AND = tangAMT = arcNP. 




125. The spiral represented by the equation 



Differentiating, we find 



dt =z 



Mdu 



u 



whence 



-^ 



t = iog« £:c "z fc 

is called the Logarithmic Spiral, // _. ^^ 



it =^CL^ 



tang AMT = 1^ = M : 



.... \ 

/ ^ 



/ 

i 



that is, the angle formed hy the radius vector and tangent is con- 
stant^ and the tangent of this angle is equal to the Inodulus of the 
system of logarithms used. 

If the Naperian system be chosen, M = 1, and AMT = 45*^. 
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Since < is tlie logaritlim of u, if it be increased uniformly, so tliat 

the different arcs tj fy f\ dec, shall be in 
arithmetical progression, then u, u\ u'\ dec, 
must be in geometrical progression, and the 
curve maj be constructed thus. With 
AO = 1 describe a circle, and divide the 
circumference into any number of equal 
parts, and draw the lines AO, Ap, A|/, kc. 
The distances laid off on these lines are to 
be in geometrical progression, since the arcs Op, Op', Op", &c., in- 
crease by the constant difference Op. To find the ratio of this 
progression let ^ = 0, then u = AO = 1. Now make t = the 
arc Op, and find the corresponding value of u in the system of log- 
arithms used, which lay off to m, then 




Am 
AO 



= the ratio. 



On Aj/, A^', Ac, lay off Am', Am", so that 
AO : Am : Am' : Am" : Am'" : Ac, 
m, m', m", Ac, will be points of the curve. 






- r > 



/ -7 -/ 



•C - C* 



PART II. 



INTEGRAL •'CALCULUS. 



126. The object of the Integral Calculus is to explaiil how to 
pass from differentials to the functions from which they may be 
derived : Or in any particular case, to find an expression which, 
if it be differentiated, will prodtice the ^ven differential. 

This expression is called the integral of the differential. The 
symbol / when prefixed to a differential, denotes that its 
integral is required, thus 

fdu = u, 

and this integral {du being infinitely small) is plainly the same as 
the siun referred to in article (91). ?' ; . ^ - ''"- '."" ' 

127. We have found, article (15), dAu = Adu ; there- 
fore 

/Adu ss/dAu = Au = A fdu. 

From which we see that a constant f alitor may be placed witii- 
out the sign of integration, without affecting the value of the intc 
gral; thus, * 



1 
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fh{a - a^)rf« = hf{a - 9?)dx, f— = Ifsfdx. 

c c 

Also in article (18), we have 

d(u + vdb dec) =z du + dv dtz dec ; 

hence 

/{du + dvdb Ac.) =:fd{u + v dtz Ac.) = « + tJ db Ac 

=fdu +fdv*:^ Ac. ; 

that is, ^A^ integral of the sum or difference of any number of dif- 
ferentials, is equal to the sum or difference of their respective inte- 
grals. 
Also in article (14), we have 

d{u + C) = du, 

no matter what the value of the constant C may be ; hence an 
infinite number of expressions differing from each other in a con- 
stant term, when differentiated will produce the same differential. 
For this reason, to the integral immediately found we always add a 
constant \ thus, 

fdu = u + C. 



INTEGRATION OF MONOMIAL DIFFERENTIALS, I^C. 

128. By article (22), we have 

cdc**** = c{m + l)«^dr; 
and from this, ■ 

cxf^ax = — .. = ed ; * 

m+1 m+1 
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hence 

cd^ = -f^— -h C. 

m+1 ffi + 1 

Therefore, to obtain the integral of a monomial differential : 
Multiply the variable with its primitive exponent increased by 
unity y by the c(mstantfact(}r,'ff^KHSf4i%il9fMnd divide the result by 
the new exponent. 

Examples. 

1. K (fa s= xdxy fdu =.fxdx = — j- C. 

2. K du = — , /rftt = L/a^(2a; = ?! + C. 

c c 4c 



8. K du= hx^dx, « =^ = l*f! + C. 

I 6 



m 

4. K <it* = , tt = — 4. C. 

e e(n--i») 



^ -^ J adx . 3a? ^(fa? cVda? 
5. K rftt = -— + 

V^ ft e 



f^adx , r^x ^dx ^ c^ix^dx * . /io>y\ 

tt =/ -7= +/ r- — / Art. (127). 

^ b e 

The application of the above r^jU does not give the proper in- 
tegr/il vrhen m = — 1, as in this case we have 

• . 2a ' • • ' 






^...^-6^//^ /^ ^^^t^^tu^^^ ^i^^Ut^^ QC^^^^tf i^ 
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J x^ ax =. = - = 00 , 

•' —1 + 1 

whereas 

fx-^dx^f^ = & + C .Art (37). 

X 

This result was to be expected, since y* — or 2r can not be ex* 



r 



pressed in algebraic terms, Art. (5). 
'1£ , ' du^"-^ 



r L-iTL^LL O'VtJ'v' 



'*- :t : i a?' '' ^y . / 



« = -/— .= -&+0, J 

b X 



or tt = log « + C, 



the logarithm being taken in the system whose modulus is --. 



129. Many expressions, by the introduction of an auxiliary va- 
riable, may be transformed into monomials, and then integrated as 
in the preceding article. 

I. Let 

du = {a+ hsrYdmr-^dx. 

« 

Place a + ft«" = «, 

then 

nbar-^dx = cfo {xT-^dx = — . 

on 
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Sul)6tituting in the given expression, and integrating, we have 

and replacing the value of z^ we have, finally, 

(m + l)nJ 

that is, to integrate a binomial differential when the exponent of 
the variable without the parenthesis is one less than that within : 
Multiply the binomial with its primitive exponent increased by uni- 



tiL by Jhe constant factor^'0WKM9Sm^ then divide this result by 
trvfprwtuct^ the 



new exponent^ the coefficient and the exponent of 



the variable within the parenthesis, / / 



^ /. 



/.« 



' - " / Ci t^. 



c • < • . *• ^'■' •''-■' '' ^'- '> « o ^ 



r 
Examples. 



2. K (itt = (2 — da^'^Sa^dx, w = - ?(2 - 30^*)*+ C. 

f 5 

8. If du={a- bx^y^x-idx, u = «(« - ^h~ + c. 



4. Let du = a(i^ — cz «) » » «~ (f«. 

aaf^^dx 



n. Let 




i2t« = 



b dtx^ 



C\ 






' « r 
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Place 


6=fc'a:"=«; 


then 






=i= mr-^dx = dz aT-^dx = d= ^ , 

n 



and 

« = ±/f^= ±f & = ± iZ(j ± *-) + c. 
nz n n ' 

In tlie same way we may find the integrals of the following 
expressions. 

1. Let d« = ?^±i^^. 

a + bx + cs^ 

Place a + hx + CO? = %, then {h + 2cx)dx = <fo, 

M = m/— . = m& = m/(a + fta? + ca:*) + C. 

z 

2. If du = J^, t* = - 2/(a - y) + C. 

a — y 

8. If (itt = (2 4-2a?)^a? ^ ^ ^ .^^ + «») + C. 

2a? + aj« V -T- / -r 

4. Let du = ?iii^ H^-4^^ 



Since in general 






we see that in all cases where the numerator of an expression is 
the product of a constant and the differential of the denominator, 



INTEGRAL CALCULUS. 181 

its iniegral will be the product of the • constant and the Naperian 
logarithm of the denominator. 



ISO. If we have an expression of the form 

c/tt = (a + &a? + co^ + <kc.)*"a!"da:, 

in wbich m is a positive whole number ; the integral may be 
found by raising the quantity withim the parenthesis to the mth 
power, multiplying each term by af'dx^ and then integrating it as 
in article (128). 

Examples. 

1. Let dtt = (a -h a^ Vda?, or du = (a« + 2aa^ + x*)!i?dx ; 
then 

u -fia^s^dx + 2aafdx +x^dx) ^^-l^ j^ ^ ^Q. 
•^ ^ 4 6 8 



2. Let rftt = (J — s^fx^dx. 

8. Let dtt = (ft — cx^yx^dx. 



131. Every expression of the form 

du = Aar{a + hxydx^ 

can be integrated, when either m or n is a positive whole number. 

K n be positive and entire, we may integrate as in the preceding 
article. 



71 
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If m be positive and entire, n being either fractional or negative, 
place 



a + hx =^z, then a? = - ^ 



h' 



h 



"H'^'T'T 



•=r/(T-'T'* 



which maj be integrated as in the preceding article. The value 
of z being then replaced, the integral will be expressed in terms 

of JC. 



Examples. 

1. Let du = h2^{a — xydx. 

Place a — a? = 2, then x =^ a -^ z^ dx =: '-^ dz^ 

tt =/- h(a - zYz^dz = - ? hahi + Ifcu* - !fe* 
-^ ^ ' 3 6 7 

and finally, by replacing the value of z, 

u = — I Ja»(a - a;)* + f ha{a - a?)* - | J(a— a?)* + C. 
3 6 7 

2. If du^ ^^^ 1 

(l-8ar)*' 

it may be placed under the form 



y 
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du = 2«(1 — SxY^dx; whence « = — -/(I — zjz^dz^ 

and finally, 

tt = - 1(1 - Bx)i + ^(1 - 8^)* + C. 

8. Let rf« = -^^. 4. Let du^ ^ ^^ i 

1 - « (3 — 2y)'- 

K J« = (A^ + Bi^+C^ + &c.,b , 

(oa: + by ' 

we may place it under the form 

, Ax'^dx . Baf rfa? , « 

au r= -4 4- »Cm 

(cm; + by ^ {ax+ by^ ' 

and may then integrate each fraction as above, if m,!', 9, ^c, are 
entire and positive. 

132. To complete each integral as determined by the preced- 
ing rules, we have added a constant quantity 0. If in the par- 
ticular case under consideration, we happen to know what the in- 
tegral must be for a particular value of the variable, this constant 
can be determined. Thus, if 

fXdx = X' -f C (1), 

X' representing the function of x obtained at once by the applica- 
tion of the rules for integration ; and we know the integral must 
reduce to N when « = a, we have 

N = X',.. -f C, C = N - X',.,. 

In general, however, this constant is entirely arbitrary, since 



J 



r 

*. 



/ 
184 INT£GRAL CALCULUS. 

whatever value be assigned to it, it will disappear by different^- 
ation^ Art. (14). This arbitrary nature of the constant enables us 
to cause the integral to fulfil any reasonable condition. Thus if in 
equation (1), it be required that the integral reduce to the par- 
ticular expression M, when x = a ; we may determine the value 
which must be assigned to C, by writing M iorfX.dx^ and substi- 
tuting a for X in the function X'. Calling the result of this substi- 
tution A, the equation reduces to 

M = A + C ; whence C = M - A, 
and 

fXdx = X' -f M - A (2), 

which will fulfil the required condition. 

If M = 0, C = - A and fXdx = X' - A. 

The integral fXdx = X' -f C before any particular 

value has been assigned to C, is called a complete, or indefinite 
integral. 

After a particular value has been assigned to C, as in equation 
(2), it is called a particular integral ; and if in this particular in- 
tegral, a particular value be given to x, the result is called a defi- 
nite integral. We should thus have, when x =- b, 

fXdx = B + M — A (3), 

B representing X',.^ . 

That value of the variable which causes the integral to reduce 
to is called the origin of the integral ; and in every particular 
integral this origin may be determined by pladng the integral 
equal to 0, and deducing the value of the variable from the result- 
ing equation. 

If in (1) we make « = a, and then « = 5, we hare 
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/(Xrf«),_ = A + C, /(Xd«)„, = B + 0, 

whence by subtraction, 

j (XAr)._, - /(Xrf«)._. = B - A. 

This is ikt inU^nd taken between the limits a and 5, and is usu- 
allj written 

rXdx = B — A, 

the limit corresponding to the subtractive integral being placed 
below. 

If a,*byC Jc,lj be several increasing values of x, and we 

have 

r Xdx = A', rXdx = B' r Xdx = K' ; 



then evidently 



rXda:=,A' 



+ B' + C + K'. 



Example. 

f6iK^dx= 2a!* + C; 

18 a complete or indefinite integral. 

K it be required that this reduce to 4, when x =^ 1, we have 

4 = 2 + C, C = 2, 

and 

fda^dx = 2a;* + 2^ the particular integral. 
24 



r 
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For the integral between the limits a; = and a; = 3, 
hence 



/ 



Qa^dx = 64. 



The origin of the particulaf integral is obtained by placiog 
2x^ + 2 = ; whence a;' = — 1, a? = — 1. 



INTEGRATION OP THE DIFFERENTIALS OF 

CIRCULAR ARCS. 

133. I. In article (42), we have found 

du 



dx = 



Vl - tt»' 



in which u = sin a?, the radius of the circle being unity ; then 

— --------- = sm "tt + C. 

Expressions of a similar form may be readily integrated by the 
aid of an auxiliary variable. 

1. Let dx = ^" .'f....(l). 

Make u = aZy then du = a&, -/a' — «' = a VT"--~?. 
Bubfititnting these values in (1), we have 
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do; = ———--_- ; X = sm~*« = Bin - + 0. 

2. Let dy= ^^ 



-/2-a?" 



This may be integrated directly, by placing x = V^ji;, as in 
the last example, or by a simple comparison with it, by placing' 
V2 for a. Thus 

8. Let ay = 



V9 — Saj* 



This should first be placed under the form dy = 



n. In article (42), we have also 

V 1 — tt* 



whence 



x^ f^ ^ ^"^ = cos-»« + C. 
J V 1 — «• 



In the same way as in case I, if 
dx^^ _ ^^ , a? = C08-» !i + a 



If (ii? = _ 2^** 



V4-tt« 
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J V4 - u* 2 ' 



by plaomg 4 for €t. 



m. We liave also 



dx = = ({ ver-Bin^'u ; 



whence 

a? = r__-^_--__ r= veT-ein-'tt + 0. 
J 'v/2tt — »• 

1. If dx^—=t=, 

V2att — u* 

place « = AEy then dt« = Qd%^ and 

— =s I — __—----. == Yer-flin ^ 



= ver-flin~'- + C. 
a 



2. If 



(£» = ^^^ . « = 3 veMin-»ii + C. 

V4u - «• 2 



IV- We have also 



Jtt 



dx = ^ — J — ^ = rf tang"*w ; 
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irhenoe 



=/ttv = *-«^-+^- 



1. If dx= ** 



o* + «• ' 
make u = ax, then <2t( = a(fx, and 



J (T + ir aJl + iT a a a 

2. If <te = J^*'4i«=-itaiir'-^+0. 



3 Let rfy = -^^ V»-!^4 ''^^'^d.^ 

If we multiply and divide the fraction by a^ we have 

'^ ^ a" + «• "^ 

« 1 a^du 



whence 

« = L f^- = 1 tanr'" + C Art. (42), 

or J <t + u' a" 

the radius being a ; and in a similar wajr, all the above expressiona 
may be transformed. 

# 
INTEGRATION OF RATIONAL FRACTIONS. , 

134. Every rational fraction which is the differential of a 



i ^ ' < 



I 

I 



/ 



I 









y. f ..*- ' : - r ^ I ^ 



. r^ 



t 






/ 



^ ^ / 
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function of a;, will appear as a particular case of the general 
form, 

(Ajg"* + Bg"-^ + QtT^ + &c.)<ia? 
AV + B'ar-^ H- Ca:"^" + Ac 

in which m and n are whole numbers and positive. 

If m be greater than n, the numerator may be divided by the 
denominator, and t^ie division continued until the greatest expo- 
nent of a; in the remainder is one le»^'than in the denominator ; the 
quotient will then consist of an entire and rational part, plus the 
remainder divided by the denominator, and may be written 

har + Ba^"^ + hc)dx _ xd« 4- ^^'^^ + ^"^^ ^ ^^'^^"^ 

and the integral of the primitive fraction ^1 be the sum of the 
integrals of the two parts. 

It will be necessary then to explain only the manner of integra- 
ting the second part, or those rational fractions in which the 
greatest exponent of the variable in the numerator is at least one 
less than in the denominator. 

Elrst, suppose the denominator to be divided into its simple fac- 
tors of the first degree, and let them be represented by 

a? — a, % — J, X — c, &c. 

There will be four di£ferent cases, each of which will require a 
separate discussion. 

1. Whmt, the factors are real and unequal : 

2. When they are real and equal : 

9. When they are imaginary and no two alike : 

4. When they are imaginary and alike, tvjo and tteo. 
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186. I. As an example of the first case, let us take the 
fraction 

{ax + c)dx 
aj« — 6« ' 

The two &ctors of the denominator are a; + 6, and x — h\ 
then 

{ax + c)dx __ (aa? + c)dx 
«« — y "" {x+b){x-'by 

Place ax + c _ A A^ /^x 

A and A' being constants to be determined. For the purpose of 
determining them, clear the equation of its denominators ; then 

ax+ c = Ax — Ah + A'x + A'J. 

£7 placing the coefficients of the like powers of ar, in the two 
members, equal to each other, we have 



a = A+A', c=:A'5 — A5 

. a3 — c * , a J + c 

26 26 



.'^ 



T*" ' Substituting these values in (1), multiplying by dx^ and prefix- 
ing the signy, we have 

•* 

/ {ax + c)dx ^ ah — e /* dx ah + e /* dx 

«»— 6« " 2h J ^TT "^ 26~J r^ITj 
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The method pursued above indicates the following rule for aU 
similar expressions. 

J^lace the primitive fraction {omitting the differential of the va- 
riable)j equal to the sum of as many partial fractions as there are 
factors of the first degree in its denominator ; the numerators of 
ihesefmctums being constants to he determined^ and the dencminators 
the several factors of the original denominator ; clear the resttlting 
equation of denominators, equate the coefficients of the like powers 
of the variable in the two members, and thence determine the con- 
stants ; then multiply each partial fro/ction by the differential of the 
variable, and take the sum of their integrals as in case 11., article 
(129). 

2. Integrate the expression 

af — a? 

The factors of the denominator are, x + 1, x -^ 1, and «; 
tben 

3a^ •- 1 ^ A A^ _A;; 

a^ — J? "~« + l J?— 1 X ' 

Clearing of denominators, 

8a?"-l =Ax»— Ar +A'aj" + A'«+A"««-A"; 

whence 

8 = A + A' + A", = - A + A', 1 = A", 
and 

A=1=:A'=:A". 
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Then 



= /(« + 1) + 2(a: - 1) + & = Z(a» - a:) + C, 

as may be seen at onoe, since the numerator of the given di£feren- 
tial is the exact di£ferential of the denominator. 

3. Integrate the expression 

(1 - y)dy 



Placing the denominator equal to 0, we have 

y* — 2y — 2 = ; 

whence y = 1 db 'y/T, and the corresponding £Etctors are 

y — (1 + -/l), y — (1 — V^), or y — w and y — n. 
Finally, 

/(I — y)dy »»— 1« V « — 1„ v.^ 

■J ^ o = /{y — w) • /(y — n) + C. 
y*— 2y— 2 n — *»^ ' » — m ^ ' 

4. Integrate 



5. Integrate 



(2a? + S)dx 




(aj» - l)dx 
a^— 4 





25 



136^ n. In the second case it may be remarked, mat if all tne 
£EU}tors of the denominator are equal, the fraction will take the 

form ' 

t 

(Ar^^ + B(xr^ + &c.,) 

which may be integrated as in article (131). 

We need then only consider the case where a portion of the 
factors are equal. The rule of the preceding article is not applica- 
ble here, as will be seen by taking the expression 

adx 



{x - hf{x - c)' 

in which two of the fiEictors are equal to a; — 5. 

By an application of the rule referred to, we should have 

a A , A' , A" 



{x — h)\x — c) X — h X — b oj — c 

A + A' A" ' B A" 



+ : = 1 + 



X — b X — c X — b X — c 

since A + A' must be regarded as a single constant. 

If this equation be cleared of denominators, and the coeffidente 
of the like powers of x in the two members placed equal to each 
other, we shall evidently form three independent equations, with 
only two unknown quantities, B and A". 

We obviate this difficulty by writing, for the equal Actors, the 

B B' 

two fractions — - -, and thus have 

{x — ft)" a; — b 
a _ B B^ A 

{x'-byix - c) "" (« - ft)» "*■ « - ft ■*■ srir? 

lUiich, being cleared of denominators, gives 
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a = B(« - c) + W{x - b){x - c) + A{x - ft)«; 

whence 

B' + A = 0, B — B'c — B'h — 2A^ = 0, B'6c — Bc+Aft« =a, 

three equations with three unknown quantities, which can then be 
detenmned. 

And in general if there be n equal &ctors, we should write n 
partial fractions of the form 

B B' W^ 

(x — by "^ (a: - ft)-' 7^=^' 

the numerators of which are constants, and the denominators the 
different powers of the equal factor from the nth down to the first 
power. After B, B', &c. are determined, each partial fraction, be- 
ing first multiplied hj the differential of the variable, will be inte- 
grated as in article (129). 

Examples. 



Phice 



2 + x B _ , B^ A 



(x - l)\x - 2) (a; — 1)* ■ a: - 1 • a? - 2 

Clearing of denominators, and equating the coefBcients of the 
like powers of x, we have 

= B' + A, 1 = B - SB' — 2A, 2 = - 2B + 2B' + A, 

B = - 3, B' = - 4, A = 4 ; 

and finally 



\ 



V 
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2. Intecrrate -, . 



K there are di£ferent sets of equal fiactors, partial fractions miist 
be written for each set ; thus, 

2 ^A^ A^ B B' 



(a? _ \)\x + !)• (« — 1)» ^ a? — 1 ^ (ar+ 1)» ^ a: + 1 



137. m. We know from the general theory of equations, thai 
imaginary roots are found only in pairs, and that for each pair 
we must have a fiictor of the second degree, of such a value, that 
when placed equal to 0, it will give the imaginary roots. Each 
pair of roots will always appear as a particular case of the general 
form 

« = adb'/=^ (1), 

and the corresponding &ctor of the second degree will be 

aj» - 2ai? + a« + J« = [a?— (a + V"^)] [a?-(a-. V^^)\ 

By a comparison of the imaginary ^Etctors, in any given case, 
with these general values, we determine the corresponding values 
of a and h. Thus, if the iBcUxt of the second degree be 

«• — 2a? + 6, 
ire place it equal to 0, and find the two roots 

a?= 1 =h V — 4; 
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whence, by comparison, a = 1, J* = 4, J = 2. 

/»■ 

Now, in the third case, for eacli pair of imaginary feu^tors, let a 
partial fraction be written, of the form 

Ma? + N Ma; + N 



a?"-.2fl« + a«+y (a:-a)«+ft« ' 

By clearing of denominators, &c., as in the preceding articles, 
M and N may be determined. We shall have then to integrate 
the expression 

(Mg + y)da? 

For this purpose, make « — a = z, then x ^ z + a, 
dx = dz. 

Substituting these, the original expression becomes 

(M^ + Ma+N) ^^, 

or by making Ma + N = P, and dividing the expression into 
two parts, 

« "hizdz "Pdz 

2» + 6« ■*" «" + 6« ' 

The first part may be integrated as in case 11., Art. (129). 
Thus, 

The integral of the second part is 









i 
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V 



or by substituting the values of P and z, 



r Tdz N + Ma. ./a? - a\ 



and finally 



+ "+"'' w^-" <""''' + 0. (2). 

Take the particular example 

(a? — l)dx 



ir* 4- aj* 4- 2a? 



The factors of tbe denominator are x and a^ + ^ + 2, the last 
being the product of the two fjEictors corresponding to the imagi- 
nary roots 



—i^v-i' 



which compared with (1), give a = — J, ft* = J, ft = iV^« 
Place 



a;— I _A. Ma?+N 



a!' + a?"-f-2a; a? a?*-i-«+2 
Clearing of denominators <fec, we find 



'<i . 
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_L, M=i, N=l. 
2 2 2 



199 



Substituting these values of M, N, a and 6, in formula (2), ob- 

,v . /.Ada? i* 1 da? 

serving that 



/. Atu? >• 1 da? 1 , 



and redu- 



cing, we have 



J 3^ + 1^ + 2x 2 2 



2VT 



tang-'C^'j + C. 






138. rV. In the fourth case, where there are several imagina- 
ry fiictors, alike two and two ; those of each pair multiplied to- 
gether will give the same &ctor of the second degree, and if 
there be ^,8uch pairs, the denominator will contain a factor of the 
form 

(a?" - 2im; -t- «• + ft*)'. 

For this, we write p partial fractions ; thus 

Ma?-fN ^ M^a? + N^ M<'-'>'g + N^*^')' 

[(x - ay + ¥Y "^ [(ar-.a)« + ft']*^' {x - a)« + h^ ' 

Cleiiring of denominators &c the values of M, N, M', N', <&c. 
may be determined as before, and since the several partial frac- 
tions, after multiplying by dx, are all of the same form, we have 
only to explain the mode of integrating any one of them except 
the last, which is to be integrated as in the preceding article. 
Take the first 

(Ma? + Nya; 
[(a? - ay + b'Y ' 
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and make x — a =: z\ the fraction then becomes 

(Mg + Ma + N)dz 

or placing Ma + N = P, 

Uxdz Fdz 



F + 



The first part is integrated as in case L, Art (129). Thus 

/ mdx _ M( z' + y)- ^ _ M 

(*• + b*Y - (- p + 1)2 ~ 2(1 -p) (z« + b^r^ ' 

By means of a formuhi hereafter to be determined, [Formula 
D, Art (151)], we shall find 

then 



/- 



Mg + P )rfg M c; lA. .. 

(»• + b*y ■" 2(1 - !>)(«*+ io*"' "^-^^^^ "^ ^ **^ ^ ' 



after which, substituting the value of z, we shall obtain the com- 
plete integral of the primitive expression. 



139. By a review of the preceding discussion, it will be seen 
that all differentials which are rational fractions can be integra- 
ted ; provided the factors of the denominator can be discovered ; 
and that the integrals will depend upon one or more of the four 
forms. 






? 
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INTEGRATION BT PARTS. 

140. In article (19), we have found 

duv = udv + vdu ; whence uv zr^fudv +fvdu^ 
and 
^/ , / fvdio=iW>'^fvdu (1);. 

from which we see, that the integral of vdv can be obtained, 
whenever we are able to integrate vdu. This method of integra- 
ting iMfo is called, Integration hy parts. 

Examples. 

1. Integrate the expression afdxVo, — a:*. 
This may be divided into the two factors, 

«• and xdxVo^ — «*. 

Place a:* = tt and axlxVa — j? = dv ; 

then 



du = 2xdx, V ^fxdxV 



3_ (« - *•)* 

a — ar = r — ^— 



Aabfitituting these in formula (1), we have 



26 
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and finally 

3 15 

2. Integrate ^ -p . 

Place (1 — «")* = tt and -^ = dv] 



^ 



then 



J 3? X 



3. Integrate rfa?\/l~--^. 

Place Vl — ar" = a, and ia; = (fo ; 

we then liave by formula (1), 

fdx Vl-a^ = « Vl^a^+J ^-^^— ; . (2). 

If we multiply (fa; Vl — a^ by - ^ "" # we 



may write 



cfa; /* ar€?jp 



/cfcvirr^= /^ /^ - r-^^=. (8). 

Adding ei^uations (2) and (3), we have 
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2/«te Vl-a!' = X Vl-** + y -^==^. 



/rf« vT^Il?-= I VT^l? + -^+ C. 



41 Integrate .. 



INTEGRATION OF CERTAIN IRRATIONAL DIFFERENTIALS. 

141. In the preceding articles, rules have been given, hy whkk 
every rational differential may be integrated^ except the case re- 
ferred to in article (139). It may then be taken for granted, that, 
in general, every irrational differential which can be made rational 
in terms of a new variable^ can also be integrated. Let 



k 
ax^dx 



m p 

bx'^ + cxi 



be a differential, the irrational parts of which are monomiak. 
Make 

af = «*^ ; then «* = «**^, 

m P 

a?=«"»», «• = «*"'», dx =: knqjf^^ d%. 

These values substituted in the given expression, evidently make 
it rational in terms of z and dz. It may then be integrated, . after 
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which the value of z in terms of x must be substituted. We may 
then enunciate the following rule for the integration of expressions 
of this kind. For the variahlej mbsHtuU a new one, with an expo- 
nent equal to the least common multiple of the indices of the radicals ; js^ 
then integrate by the known rules, and substitute in the result the 
^ jl^edite of the new variable in terms of the primitive. ^J 
/^% j-rr" Ci^ iA6'}rCL.li^C Otk te^^vl^ n^ l^^ ryuA^^ 

Eaafnples. 

1. Let (ftt = if-JIL??-dfar (l). 

The least common multiple of the denominators or indices being 
6| we place 

x^ify then da =s Md%, % = «' . 

Substitating in (1), we have 

5x 5 5 

and integrating, 



I 40 45 10 5 

^Utdu= ^*^^ . 8. Let (£«= ""^ 



2x 



i — jpl 6 — c Vx 



9 



148. If the inratioBal parts are all of the form (a + &r)* 
tlie ezpresnon may be made rational in terms of 2, by placing 
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a + bx = af^ 

r being the least oommon multiple of the indices of the radicals. 
We shall thus have 

« = __- ^ = "-7-» 

which substituted in the primiliye expression, with the value of 
a + hx, will evidently give a rational result. Take the examples ; 

1. du= ^ 



(1 + «)* + (1 + «)* 

Place 1 + X = «•; then dx = 2«£z, « = (1 + «)*, 
These values substituted in (1), give 

2xdz 2d% . 






whence 



« = 2 A^-j = 2 tang-'* = 2 tang-* (1 + «)* + C. 

«f 1 "T" * 



2. Integrate the expression 



<2tt = 



(1 - xY + (1 - x)^ 



143. Differentials of the form 



X being a rational function of x, may be made rational by 
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placing — ^-~ — = 2", deducing the values of x and dx, and 
a' + b'x 

Bubatituting them. 
For example, let 

du :=xdx(l±Ji^ (1). 

Place — - — = 2», then x = , dx = —- . 

These values in(l), give ^ "^ / v 



V T 






which k rational. 



144. "Every radical of the form Va + 6* ± ce* can be 
mitten thus, 



v^1+^x±«' = v^Vm:13F 



after making — so, and— = ^. 



To render rational a differential, die only irrational part of 
which is a radical of the above form, it will then only be necessa- 
ry to find rational values for Xj dx, and Va + ^ar ± «*, in terms 
of a new variable and its differential. 



L lULe the case in which thesign of s)" is +, and place 
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Va + paf + ^ = X - X (1), 

Squaring both members, we have 

whenoe ^_ '^ \, y ■ - 



«* — a 



By differentiating this value of «, we obtain 

_ 2(«' + i8» + «)& 
***- 08 + 2*)' ^'^' 



and hy subetitnting the value of « in the second member of (1), 

V. + 5* + ^ = ^-^ w 

These values of «, <ir, and i/a + /8a? + «", substituted in the 
primitive differential, will evidently give a rational expression in 
% and dx. After integrating this, the value of x, taken from (1), 
must be substituted. 



Examples. 

- - (2a; dx 

!• Let du = - . , = /— J — ;- ^ J • 

ya + ox + cor yc y a -f- )8af + ar 

Substituting for (fa? and V^aT+WT+l? their values as found 
above, and reducing, we have 






"H 
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dx 2& 



du =— = 



VcVa4-^a; + «« Vr(fi + 2zf 



whence 



tt = -r=/ (/3 + 2«) = -7^/[/3 + 2( Va+larr?+a:)] +C;....(6). 



. dx dx 

2. Let du = 






v/i+/ 



By oomparison with the similar expression in the preceding 
example, we see that 



= V^ = j8, -, = 0. 



? 



Substituting these values in (5), we deduce 



" = / /t =cWj- + ^ + '') + 

and, finally, after uniting the constant — / — , with the arbitrary 

c c 

instant, 
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8. Let i» = _^2^*±Z, 

Comparing this with formulas (2), (3), and (4), we see that 



= 0, 2=i8, a? = 



2 4- 2«' 



(2 + 2«)« ' V 2a? + oj" - yq-2^ , 



(2 + 2«) 
whence 



>/,, ^ (« + 2)'& 
«'(* + 1) 



4. Let 



5-i|^'t ^« = «to vs?n?. -^^^ 



<^. 



5. Let <2tf = 






a;Va;* — 



oar 



145. n. K the sign of o^ be minus, it will be necessary to 
pursue a different method, and deduce other formulas ; for if we 
write 

VcL + I3x — a^ = 2 — a?, 

the second powers of x in the squares of the two members will 
have contrary signs, and not cancel each other, as in the first 
case, and therefore the deduced value of x in terms of z will not 
be rational. 

Denoting the roots of the equation aj* — jSa; — a = 0, by ^ and 
^', we have 

a;* — jSa? — a = (a; — J) (a; — 5'), 
21 



w 
I 
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or, changing the signs, 
Now, if we make 

V(* - 5) (<s' - *) = (« - a)*. (1), 

square both members, and strike out the common fiictor « — J, 
we have 

' .-^ltiii^-.^ = iL^ (2). 

1 +«« 1 +z« ^ ^ 

Substituting this value in equation (1), we obtain 

Va+i8aj-«« = V(a?-tf)(5'-«) = \ ^ / - 
By differentiating equation (2), we find 

(1 + *•)* . 

These values of x^ '^a + I3x^ a^ and cZa;, substituted in the 
primitive expression, will make it rational. 



1. Let du = 



Examples. 

dx 



By substituting the values of dx and Va 4- jSa? — jc*, we obtain 
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du ssi ; 



and sinoe from equation (1), 






we have finally 



If in this we make j8 = a =3 1, the expression reduces to 



= /7!^ = ''-'*^Vh: 



— X 

X 



sinoe by placing a^ — 1 = 0, we find 

a;=±l or 5= — 1 i' = l. 

If we now introduce the condition that the integral shall be 0, 
when a; = 0, we have 

= C - 2 tang-» 1 = 0--, C = -, 

and 

The direct integral of the first member is sin'"'^. Art. (138) ; 
hence 
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Bin-*a: = - -. 2 tang"* y- — 

mm JL ^T* 



— X 
X 



2. Let da = <^^V2«f - < 

Placing 2ax — a:" = 0, we deduce « = 0, and x^ 2a] hence 
6 = and ^' = 2a. Substituting these in the formulas &c^ we 
have 

dxV2ax — «■ _ 2a;"rf« 
-a simple rational fraction. 



3. Let du = 



Via! — a^ 



4. Let du = 



rfajy^ 



INTEGltATION OF BINOMIAL DIFFERENTIALS. 

146. 1. K we have a differential of the form 

ar-*dr(aa?' + bsr)T, 

x"" (r being supposed less than n), may be taken out of the paren- 
thesis, and for the primitive expression we may write 

a:"*-*(fca?'(fl + hoT^^ = a?*+7~* <Za?(a + ^u^)T, 

in which but one of the terms, in the parenthesis, contains the va- 
riable X, and the exponent of this variable will be positive. 
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2. K after this, the exponent of x should be fractional, either 
within or without the parenthesis, or both, we can substitute for x 
another variable, with an exponent equal to the least common 
multiple of the denominators of the given exponents, and thus get 
rid of the fractions, as in the example 



x^dx{a + hx^y ; 

by* making « = 2*, we obtain 

x^dx(a + hx^y^ 62V2(a + h^)T , 

in which the exponents of % are whole numbers. Hence every hi- 
ncmicU differential can be placed under the form 

p 
af^Hxia + h!xf*y^ 

in which m and n are whole numbers and n positive. 

14*7. 1. The binomial differential being placed under the pro- 
posed form ; if -? is entire and positive, it may be integrated as 

in article (130) ; if ^ is entire and negative, we have 



(a + bairy 
which is a rational fraction. 



2. K ^ is a fraction, either positive or negative, place 
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then 

(a + h^f = J' (1), «• = ?!^, 



The values (1) and (2), substituted in the primitiye expression 
give 

x^'dx{a 4. ^af)f= 1.2'^»(fe/'^"""^Y"' (3), 



m •. 



which is rational in terms of z and dz^ when is a whole number. 



(')/i' 



. , ■ • : 'I* . 



^A... .^ ^.<r' <. . ....,; >^\^ Example. 

Let 

in which 



TO — 1 = 3, n = 2, — = 2, i> = 3, g == 2, i s= — J. 

ft 



These values in equation (3), give 



ft* 



in which 



t 
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2^ =s a — &c'. 



3. If — is nqt a whole number, we may write 






»«i» 



= ar*7-' dx(jBur^ + by , 



and in accordance with the preceding principle this will be ra- 
tional if 



. ?- =-«(!ij.^j is a whoh number. 

To obtain the proper rational expression in terms of «, we need 
only make in equation (3), 

np 
m = fiiH 7 ii= — 11, a = ft, 6 = a. 



Thus 



Example. 
Let 

in whitli 



.(4). 
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m— 1=1, n=3, p = l, g=3, — +^ = 1. 

n q 



These values in equation (4) give 

in which «* = aar^ + h. 

From what precedes, we see that every binomial differential of 
the proposed form can be integrated : if the exponent of the paren- 
thesis is a whole number ; if the exponent of the variable rvithout 
the parenthesis plus unity, divided by the exponent of the variable 
within, is a whole number ; or if this quotient, plus the exponent 
of the parenthesis, is a whole number. 



148. Let us now write p ior E, and then divide the expression 

ixr'^dx{a + hxry = ar^ixr-^dx{a + hry, 

into the two fieuitors 

oT-^ = « and af^^dx{a + bsif!y = dv ; 

whence 

rf« = (m - n)sr"^'dx, V = (g + ^^)'^\.....Art. (129). 

(p + l)nb 

Substituting these values in the formula 

fudv = uv — fvdu .Art. (140), 



i 

1 

L ' ' ' ■ 



k 






/ / J"* I ■- ' - ' - 



^ •> / 



INTBGRAL CALCULUS. 2l7 

flcnd makiiig (a + «^) = X, we have 

fur^dxX^ = ^''^^^' - (^ - «) fair^'dxX^ (1). 

But since 

X^» = X^X = X%a + bixr) = aX" + ^«^X^ 

Substitutmg tnis value in (1), ifcnd clearing of denominators,'' ' 



— (m — «) [ii/«"^'^<fa?X'' + hftKT-^dxX^] ; 
transposing, Ac, we obtain ' ^ /^.; ^ 



> \ 



• 1 






By a single application of this formula we cause 

fx'^HxX^ to depend upon fx^'^^^^clxX", 

in which the exponent of the variable without the parenthesis is 
diminished by the exponent of the variable within. By an appli- 
cation of the same formula to / «"*~^*da:X'*, it may be made |a 
de]Und upon / x^^^^^dxX^, and finally, by repeated applica- 
tioi^ f sf^^dxX^ will depend upon the expression 

a{m — m)fx^'^^'*^^dxX^y 

in which r represents the number of times tn will contain n. Ifm 
is an exact multiple of ft, then tn -^ m = 0, the term containing 

28 



• I 
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the expression to be integrated disappears, and the integration is 
complete. 

If pn + m = 0, the second member of the formula becomes 
infinite, and it fails to answer the purpose; but in this case 

p -)- — =: 0, which, substituted in equation (4) of article (147), 
fi 

gives an expression which may at once be integrated. 



149. We may also write 



If now in formula il we change m into m^ + n, and p into 
p — 1, we have \ 



^ yn . ■. • ^ . ■ • V ' .'' - • ,1 -, •>'* ' ' 



f»r^dxSr-^ = ^X> - am/^'dxX^> 



r/x.+.J //. / \ \ b{pn + m) 



Substituting this value in the preceding equation, and reducing, 
we obtam ' '- -^ - . 



pli + III 

by which the primitive expression is made to depend upon ano- 
ther, in which the exponent of the parenthesis is one less than 
before. By repeated applications, this exponent may be reduced 
to a fraction less than unity, either positive or negative. 



150. The use of the preceding formulas may be illustrated by 
the example 



fa^dx{a + h?)^. 
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Place a + ftBc* = X, m=8, n = 2, P=^ h 

then from formula ilg 

Applying fonnula IB to the expression /dxX^ after making 
m = 1, n = 2, j9 = }, we have 






and by another application / ^" / J '^ 

4 *' X* 



/«fcrX'= - 






2 ^^ /I 

Snbstitutang these values, we have finally 

The expression — -- = — may be integrated as in 

Art (144). 



151. If in the primitive expressions, m andjp are negative, the 
effect of the application of formulas il and IB9 would evidently 
be to increase them numerically. Other formulas are then re- 
quired. 

1. From il by transposition and reduction, we find 






920 INTXQRAL OALOULUB. 



'^ a{m — n) 

Kin this we change m into — m + n, we have 

■^ am ^ 

hj the application of which, — m wiU be numerically diminished 
by the number of units in it. 

2. From S, by transposition and reduction, we find 

If in this we change j> into — • jp + 1, we obtain 

/.-d*X- = ^X-^ - ("« + " - n^)/^-«^^X-^ jDj 

■' a»(jp — 1) ^ 

in which, the exponent of X is numerically one less than in the 
primitive expression. 

M p — 1 = 0, the second member becomes infinite, but in 
this case l' = 1, ftxid the primitive expression reduces to a rar 
tional fraction. 



152. Let us illustrate the use of these formulas by the example 






Making in (9, m = 1, a = 2, 6 = — 1, n = 2, /? = — |, 
/r-Mjr(2- ««)^ = - ?l!^- 4-/<i*X"* (1). 



\ 
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By fonnula Q>, after makiiig m = 1, n = 2, a = 2, & = * 1, 
1» = f we have 

Making the proper aubstituiions in (1)9 we obtain finaUjr 

/*r'rf*(2 - «^-* = _ f:!^ + ^+ c, 



in which X =• 2 — o^. 



163. By the aid of formida Q> we are now able to integrate the 
expression 

(^^ = '^^ + *')"' -^ <"®)- 

By making m = 1, a; = a^ = 5*, 5=1, n ss 2, we 

/d% 
—^ — --. to depend upon the integration of ano- 

ther expression in which the exponent is one less, and by repeated 
applications, we shall find that the integral will depend upon the 
expression 







/• dz 

J^ + V - 


4*^T 


+ c. 


1 

154. 


For the 


expression 


.• - . -« 








r ufidat 
J V2cx — a^ 





r^' 
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W6 mAy write 

to which applying fonnida il, after making 

»> = fl' + i» a = 2c, i = — 1, ;> = — I, n == 1, 

and recollecting that ar*"* = «•"* «', and «*"* = a^ « , we 
obtain 



/ 



afldx sfi^^V^cx — aj* 



V2c« — «* 



^ (2g-l)cr 4gi-'rfa: jj^ 

? •/ V2cx — «■ 



By repeated applications of this formula, when g is a whole 
number, we make the primitive expression depend upon 



/ 



^ = verHBm-*— + C Art. (133). 



V2ca?— «• ^ 



INTEGRATION BT SERIES. 

155. Kit be required to integrate the expression Xdxj X being 
any function of a; ; it is often convenient and useful to develope 
X into a series by any of the known methods, generally by the 
binomial formula ; and then, after multiplying by dx, to integrate 
each term separately. This is called integrating by aeries ; since 
we thus obtain a series equal to the integral of the given expres- 
sion, from which, when the series is converging, we can for par- 
ticular values of the variable deduce the approximate value of the 
integral* 
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1. Let us take the example 

* 
du = ^ = i«(l + «)-*. ^ ~ V 

By the binomial formula, we have 

(1 +«)-* = 1 —« + ««— aj» + Ac. 

Hultiplyiiig by dx^ and prefixing the sign/, 

/-— - =/(& — «iaf + ^dx — a^iaj + &c.) ; 
1 -|- flp 



whence 






or smoe 



/ifj = '(" + '^ 



HI + «)=«--+- ~ ^ + Ac +C. 



' But when a; = the first member becomes / (1) = ; hence 
= and 

/(I +«) = «— — +^— i *c ^. (39). 



I » 

2. Let du — a:*(l — 7?f i 

By the binomial formiula we have 
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(1 - ^)* = 1 - 2l - ^ - ^ « Ac. 

^ 2 8 16 

HultiplTing each tenn by x^(2a;, Ac. 

/«*(! - «»)*rfa? =/(«*rfar - ^ - 1^ _ Ac. ; 

whence 

ti 

/«*(! ~ aj«)*<^« = i«* _ i«* « ?I - Ac + C. 

^ 3 7 44 

8. Let (ftt = (fdx. 

Is article (36), we have found 

a = 1 + -- + -- — H 4- Ac. ; 

1 1.2 ^ 1.2.3 ^ ' 

ihence 

Sffdx =a; + ^4-— + — + ^c + 0, 

•^ 2624 

• 

in which k=ila, I{a '= e, then i = /e =s 1, and 
/e'dw = «+^ + £+|l + Ac + C. 

4. Let du= ''^ '^* 



Make ViP = tc ; then (ir =;: 2'^xdu^ and 



»/ .'t 



da? _ 2i{ti 

VScVl — « Vl — tt* 
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which may be readily integrated, and we shall obtain 

r ^' =28in--{^=2V7(l+±- + Jf^+ jtc )+C ^^ ^'^'^' 

J Viir? ^ 2.3 ^ 2.4.5 ^ p^^ ^ ^^ 

6. Let du = dx V2ax — V; 

6. Let rf« = cfo^/nr^. 



Developing Vl— c'V = (1 — e'V)^, w« li»v« 

2 2 4 ' 

hence 

•^ VlZr^ ^\ 2 2 4 J\VT^J 

After the multiplication, each term of the second member will 

—-^-=^==^ , which by formula iig 

•v/i -«* 

may be made to depend upon 

dx 



I 



-Vl-n^ 



t= sin""'* + C. 



7, Let du = 



-v/(2ca? — ar')(6 -- a?) V2ca? — ic* V5— « 

If we develope -7= = (* — a?) > and multiply 

V6 — a: 

29 
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by , each term will be of the fonn —-________-. 

V2cx — sf* V2cx — a^ 

which may be reduced and integrated as in the preceding article. 



156. By the application of the formula for integration by parts, 
/ Art. (140), to the expression XdXy we obtain 

T^ ^ f^dx^Xx^fxdX (1), 



and then to xd^ <kc. 

f^^^-j^W •^"'''=yrf^"^= 2 ^~J 2-ir ^'^' 

/ ^^ /^-/^ J 2 dx J d^ 1 2.3 rfo^ J 2.3 (ijB* ' 

%J ci y. ^^bstituting in succession the values above deduced, equation (1) 



/ //^ X . - '- "/ if^r/'-Y r^l- Ji,-rr ^' 1-2 <^ 1-2,3 



a series, expressing the %tegral of 'Kdx in terms of X, and its 
^<^'* differentia] coefficients ; which has received the name of its distin- 







we make a: = « + A, we have ' / / 






'' ''. ^-^ -v^-* /w. ...o ^ 
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(/Xd^),..+, =/][« + *) = 11'; 
aad hj Taylor's formula, 

tt' — II =s -—A + --; h Ac (1). 



But since 



du 



fXdx = ti, Xdx =z duj -- = Xy 

ox 

d*tt __ dX if'tt __ <?X a 

da? "^ dx da^ ds^^ 



These values substituted in (1) give 



^ dx \Sl da? 1.2.3 ^ * 



If in this series we make jc == a, A = & — a, and denote 

by A, A', A", Ac, what X, -— , — —, &c. be- 

dx dor 

come under this supposition, it is plain that what u becomes will 
represent the value of the integral when i; = a ; what u' be- 
comes, its value wheiji aj = a + ^ — fl = ^; then what ii' — .t* 
beconiee, will be the value of the integral between the limits 
a? = a, and a? = & ; whence 

J" -KM = A(6 -a) + ^(b - a)' +^{b - «)• + <fec, 

a series from whidi the approximate value of a definite integral 
may be obtained. H b — a is so large, that the series does not 
converge, or does not converge rapidly enough, then let it be divi- 
ded into n equal parts, so that 
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b — a = no, 

and take the value, first between the limits a and a + a, then be* 
tween a + a and a + 2a, &e.y and suppose the results to be 



Ba + WJL, + B"-r_ + 4pc, 
1.2 1.2.3 

Ca + C'-^ + C".^^ + Ac, 



1.2 



1.2.3 



Da + D — + D"-^ + &c^ 
1.2 ^ 1.2.3 ^ 



<2), 



&c; 



then by article (132) we have 



/ 



*Xdx = (B + C + D + ^c.)a + (B' + C + Ac.) -^ + 
• 1.2 



^c. 



(3), 



and as a is arbitrary, the separate series (2) [and of course the final 
series (3)] may be made to converge as rapidly as we please. 



wf 




-fNTEGRATlON OF DIFFERENTIALS CONTAINING TRANS- 
CENDENTAL QUANTITIES. 

158. But few of these differentials admit of exact integrals. 
We can, however, by the aid of formulas previously deduced, ob- 
tain, by series, their approximate integrals. 

By the examination of a few expi^essions, we will endeavour, as 
far as possible, to indicate to the pupil the general method to be 
pursued, and then leave to his ingenuity and industry, its applica- 
tion to the different cases with which he may meet 



y 



/ 



i 



\ 
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I 

159. Take first the expression 

in which X is an algebraic function of x. K we divide it into the 
two flEustors X and a'dx, and recollect that 



arbdx = dar Art. (36), 



whence 



oTdx = • and ftfdx = — ; 



we shall have from the formula for integration by parts 

/X«'rfar = ^- f^dX (1). 

la J la 

If now we take the successive differentials of X, and place 
dX = X'dx, dX' = X"dx, dX" = X"'dx, Ac, 

we obtain 

/ fl*dX _ XV __ p tf ^, 

{lay " {lay J {lay ' 

Ac. 
These values in equation (1) give 

■^ \la {lay (fo)'^7 ^ J (&)•+' ^ ^' 

K the function X is of such a nature that one of its differential 



\ 
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coefficients X', X'', &c, is constant, the differential of this will be 
0, and the corresponding term 



■f 



a'dX 



ni 



==0. 



The integral will then be exact. 
The expression af*afdx, 

admits of an exact integral when n is entire and positive. 

If w be fractional or negative, we write for a* its development, 
Art. (36), and then integrate as in Art. (155). ' 



! 



160. Take now the expression 



X{lxYdx. 



If we divide it into the two factors 



Xdx = dv, and (2r)** = u ; 



whence 



/Xdx=: V = X', 



du = «(&)"■* — , 

X 



and then substitute in the formula of Art. (140), we have 



fX(lxYdx = X'(&)« - n/X'(te)'^'— (1). 

X 



By this the integral of the primitive expression is made to de- 
pend upon the integral of another similar one, in which the expo- 
nent of {Ix) is one less than at first. 



I 
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If then n be entire and positive, after repeated applications of 
the formula, the exponent of (Ix) will become 0, and the expres- 
sion upon which the integpral depends, algebraic 

For a particular case, let 



a;-H-i 



X = «", then fs^dx = = X', 



and this in (1) will give 

/«-(&)-«to = -^(&)" - -^/«-(&)-rf« (2). 

m '\~ I fit -f- 1 



K in this we substitute for n, in succession 

n — 1, n — 2, 11—3, Ac, 



we have 



«"+^ n x«»i n — 1 



m + 1 m -|- 1 



.drc. 



These values in (2) will give a general formula, in which, if n 
be positive and entire, the last term will be 

{m + \)' •' ^ ' (m + 1)"+' y 

We shall therefore have 



/ 



■/ 



4 

/ 



\ 



\ 



232 



INTEGRAL CALCULUS. 






The sign of the last term will be plus when n is even, and mi- 
nus when ft is odd. 



If m s= 1 and n = 1, we have 



fxlxdx = ^{ix _ 1\+ C. 






If m = and n = 1, we have 



) 



flxdx = a?(/ar — 1) + C. 

If m =3 — 1, the second member of (3) becomes infinite. 
In this case the differential becomes 

X 

Making Ix =i z^ we have — • = dz^ and 

X 

X « + 1 n + 1 

which is true for all values of n, except when n = ~ 1. In this 
case the expression becomes 

dx 



/^ 



xlx 



dx 



Making lx=zz^ we have — = dz^ and 

X 



/w -/?="='('•)+ «■ 



> ( 



• 

t 
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161. Take now the expression 

Xdx 8in~'iP. 
Place Xdx = dv^ and sin~^a? = u, then 

fXdx = V = X' and du = . 

Substituting in the formula of Art. (140), we have 



/Xdx 8in"'a? = X' sin~*a? — / . 



X'dx 



(1 - ^)* 
Thus the integral of the primitive expression is made to depend 

X'lf'K 

upon the integral of the algebraic expression _ . 

(1 - i»)* 

Let X = af , 

then 

fXdx =/ardx = ^' = X', 

» H- 1 

and we have 

/«"da?sin~*« = sin~*a; — — / _f ?.. 

n + 1 ^+1^(1-0^)* 

By the application of formula il or (9, when n is entire, the 
last term may be reduced, and then integrated; except when 
n = — 1, in which case the expression becomes 



\ -^ sin-'aj, 



dx „«^-»i^ 

X 

80 



\ 
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which can only be integrated by series. 

In the same way, like expressions may be found for 

yXrfjj cos"**, yXdar tang~*a?, Ac 

162. By article (41) we have 
<f sin 7^ =: ndx cos nx, d cos nx = — ndx sin no; ; 



\ 

\ 



hence 



fdx sin nx = — 


cos nx 


n 


In the expression 





r J sm fix 

fax ooenx = 



n 



dx sin'x, 
we can place for sin'x, its value, , and then have 



rj • 8 r^ C cos 2xdx x 1 • o i n . 
J dx sin' X = I — I = sm 2x + U ; 



and in general the integral of similar expressions containing any 
power of either the sine or cosine of x, can be obtained by first 
substituting the value of the power in terms of the double, triple, 
A;c. arc, as determined in trigonometry. 

The expressions 

dx sin^x, dx cos*x, 

v^en m is entire, may also be integrated as follows. Make 

d% 



ssaix=i%^ then x = wtH dx = 



/ 



{ 



(i-«o*' 



/ 



/ 



/ 

/ 



. / 



• > 
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whence 



fix sin"ff = / . 



aTifo 



(1 - «•)* 



This expression, bj repeated applications of formula iX or Q^, 
may be made to depend upon 



t dz 



xdz 
or 



/; 



In the expression 

<2c tang'*^?, 

place tang x = z 

then 

which is a rational fraction. 

Examples. 



dx 

Integrate 1. du=z dx swfx. 2. Ai = — _•« 

oos'x 



8i (7ii = — ^ . 4, du= dx tang'ff. 

sinx 



168. In the general expression 



/ 

/ 



/ 



; 
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dx sin" X cos^x, 
we may place 



gmx =i z, 



and finally^ 



;, then oos « = (1 — «■)* dr= _, 



fdx 8in*"« coe'd? =ftrdz{l — «•) ji , 



which may be reduced by formulas il, IB, 9j and Q>, and in 
some cases integrated, as in the example 

iu = (^opsin'^cos'a?; whence u =y*a^<f«(l — «•)'. 

INTEGRATION OF DIFFERENTIALS OF THE 
, HIGHER ORDERS. 

164. By an application of the rules previously demonstrated, we 
may readily obtain the primitiye function, from which differentials, 
•ontaining a single variable, and of a higher order than the first, 
may have been derived. 

Let there be the ^tifferential 

dru =zj\x)d3^. 
Dividing by rfaj*"', we have 



y^' 



r 
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and since dsT'^ is a constant, tliis may be written, Art (24), 



Xd^'J 



Integrating both members, we have 



dar-^ 



=ff{x)dx =/>(x) + C. 



After multiplying both members of this equation by dx, it may 
be written 



(^)=^ 



f{x)dx + Cdx ; 



and integrating as before, 






which by another transformation and integratioh, ma!^ be reauced 
one degree lower, and finally after n integrations, we shall obtain 

U = F(«) + ; A ; r- + ......v?*^". f^ 



7 .'.^'- y- 



The above operation may be indicated thns, t I r -' 



^ < 



the symbol/" indicating that n sncoessive integratioDfl are r^ 
qnired. 
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Examples. 

1. Let iPu = w^da^. 

The required operatioii is indicated thus, 

and may be read, ths double integral of aa^dsi^. 
Let the expression, after dividing by dx^ be written 



dx \dsB/ 



aa^dx; 



whence by integration 



*!- = ?^ + C, du^^dx + Cdx. 

dx 3 ^ ' 8 • 



Integrating again, we obtain 



12 ^ 



2. If 

which is called a triple inte^^. We may write 



\*^ ) 



s:? - — ■ = "•' 



y 



whence 
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and finally as in the last example 

u ^nidi^ ==^ + ^ + C'a? + C". 
•^ 6 2 

3. Let rf*tt == -. 4. Let dH< = V^tW. 



INTEGRATION OF PARTIAL DIFFERENTIALS. 

165. Hitherto, we have explained the mode of integrating 
only the differentials of functions of a single yariable. It yet re- 
'mains to extend our rules to the integration of those which con- 
tain more than one yariable. 

These .differentials are either partial or total^ Art. (49). Wh^i 
partial, they belong to one of two ektsses, 

1, Those obtained from the prinutiye function by differentiating 
with reference to one variable only. ^ 

n. Those obtained by differentiating first with reference to one 
variable, and then with reference to another, &c, Art. (46). 



166. The differentials of the first class may be expressed gene- 
rally thus, 

d^u =/(«, y, «, &c) rfa?" dTu =/'(x, y, z, &c)rfy", Ac, 

in which ii is a function of x, y, z, Ac, and may evidently be ob- 
tained by successive integrations, precisely as in article (164) ; all 
the variables, except the one with reference to which the differen- 
tiation was made, being regarded as constant, and care being taken 
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to add, instead of constants, arbitrary functions of those variables 
wbich are regarded as constant during the integration. 

Examples. 
1. Let * dPu = la^yds^j 

which, after dividing by dx, may be written 



m- 



whence 



g=/^^3^ = ^ + Y, 



du = *^ + Ydx, 
3 



and 



u =:phx'yda? = 5^ + Y« + Y', 

in which Y and Y' are arbitrary functions of y. 
2. Let <^ = ax^j^di^. 



16*7. The differentials of the second class may be written gene- 
rally thus, 

dr*^"'U =y][«, y, Zj &c)<iaj* (^ daf ., 

and the mode of integrating is plainly to integrate firsts m timM 
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with reference to x, then n times with reference to y, and so on 
until all the reqtdred integrations are made. 

To illustrate, let 

^■tt = ^(«, y)dxdy, 
which may be written 



** = (p(a?, y)d!f, or ^( 5^ ) = ^(*' y)^^ 5 



dx 



whence by integration with reference to y, 

— =/(p(a?, y)dy + X, du = dxf(p(x, y)dy + Xdx, 

and 

u =fdxf(p{x, y)dy +fXdx + Y, 
or 

« =/M^, yy^y^ +/X(Za? + y, 

there being no necessity of indicating with reference to which va- 
riable the integration is first to be made, Art. (47). 

Examples. 
1. Let cFtt = (u^ydj^dx. 

This may be written 

---- = an^dx. or d( —\=z as^dx, 

df ^ \df) ^ 

31 
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Integratiiig with reference to x, 

which may now be integrated as in the preceding article. 
2. Let . ^ = axT^dxdydz, 

3^ Let d^u = (« + yfda^d!^. 



INTEGRATION OF TOTAL DIFFERENTIALS OF THE 

FIRST ORDER. 

168. If u =y(fr, y), 

we have found, Art. (49 ), 

du = —dx + —dy, 
dx ay 

in which, -^-do? and -^r^y are the partial differentials 

dx dy 

oif(Xy y) ; and also, Art, (47), 



or 



W _ W. (1). 



dxdy dydx dy dx 

K then an expression of the form ^ 

Vdx + Qdy......(2) y 

be the total differential of a function of x and^; Vdx and Qciy 
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must be the two partial differentials of the fdnctioo, and by the ,vl JTl^tr^v rO v 
integration of either, we shall obtain the function itself. k f ^ * K ^ 

To ascertain, in any given expression of the above form, whether F JT^ f^ ^'^ j^' 
rax and Q<2y are such partial differentials, we have simply to see .^,^ i «, ^ 

if the condition (IX or . r ?"| "^f^ 

18 fdlfilled. If so, the given expression is the differential ofa^ ^"^^^ 
function of x and tf, and we have ^ ' X ^" " ^v 

u ^/Fdx + Y (3), I ' ^^. r* js ( . 

Y being a function of y, which is to be determined so as to satisfy «» ^ "^ ''^^ C ^ r^ - 

the condition ^ = Q. 5^ >^ ^ J^ r^^ 

dy \^\ ,>. ^^*^ 

To determine this value of Y, let equation (8) be differentiated^ "^ ^ ^^^^ 

with reference to y. Then > J ^ !^ 



I 



^1 ^\M 

dy dy dy r- v-, ^ .^ ;" 

or representing/Pda? by V, ' ^ " i c c ^ ^ . 



/ W 



whence 



i 


du ^ dv 
dy "" dy 


cfY 


• 1 1 


* 


'''. 4 4 ■:■' 




I .J . 




dy- 


1 

dy ' 


Y=y 


■(«-| 



dy, 



«>dfinany % =^ fi.-^ , f j^O^ ^di-) 

u^/Tdx+fU^^yy. 






V- 



-r 





















> » 












r 
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V 

» 

Examples. 
1. Let 

du = {2axy — Zh^)dx + (oac* — 5a^)(^, 
which compared with equation (2), gives 

P = 2axy — Sftjc'y, Q = aa^ — &a?, 



= 2aa -- Sba^ = 



dy dx 

This condition being fulfilled, we then hare 

u =if{2axy — Zho^y)dx = aa^y — hysf + Y. 
To detennine Y,^ have' ^ ' \ 

and 

$ = aa!»-6«»; whence Q-.^ = 0, Y=:a 
dy dy 

2. If . ^« = ^+(2y _*).,, 



/dx __x 
7 "~y 



+ Y. 



Since « ^fPdx = _, we have 
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hence 



T =/(q _*\iy =/2yrfy = / + C, 



and 



i*=f + y« + a 

y 



8. If du^y^^-^y « = tanjr^*+C. 

«" + y" y 

4. Let (2« = (6«y — y*)cte + (3«* — 2jy)dy. 



169. If a function of two variables, composed of entire terms, is 
homogeneous vdth reference to them, its differential will also be 
homogeneous ; and such a relation will exist between the function 
and its partial differential coefficients, as will enable us at once to 
obtain the function, when the differential is given. 

To explain this relation, let 

u =y][r, yX 

« 

and m denote the sum of the exponents of x and y in each term. 

For X and y substitute tx and ty respectively, the primitive function 
then becomes r*». 

In this expression, fi>r / put (1 + s)\ then 

rw = (1 + sYu. 

Under these suppositions, x and y, in the primitive function, 
have become, respectively, x + sx^ and y + ^* 
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Developing this new state of the primitive function^ as in artide 
(46), we have 



= (1 + »)"H = « + mu» + "('" ~ ^)"^ + &c 



..A + 4u 



'i. / 



Equating the coefficients of the first powers oi toe indeterminate 
Sj we have 

du du /.x 

If + ^^ = "•"• <^>' 

Hence in the differential 

du = Prfo? + Qdy, 

if F and Q are homogeneous of the (m — l)th degree, we shall 
&ave, by comparison with equation (1), 

Ill 

For example, let 

du = AiX^dx + ayHx + 49^ydy + Zax^dy^ 
in which, i)% — 1=8, f» = 4, 

whence - .r- • / > '•' " ^ / 



«=^+^=2«'y' + «y. 
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170. The method of obtaining the integral of a differential, 
containing several variables, is readily deduced from what pre- 
cedes. Let 

du = Tdx + Qiiy + Bdx=z df{x,y, x) (1). 

K for a moment we regard 2 as a constant, and then in succes- 
sion y and x, it is plain that we shall have the three expressions 

Tdx + Qiy, Tdx + Bdz, Qdy + Bdz (2), 

which, taken separately, are differentials of functions of two va- 
riables, if the primitive expression is a differential of a function 
of three, and the reverse. 

But the conditions that these be each an exact differential, are 

^_rfQ dP^_ dR ^_dR^ ,v 

dy "^ dx^ dz '^ dx " d% '^ dy 

hence if we have given an expression of the form 

Vdx + Qdy -|- Rdz, 

and the conditions (3) are fulfilled, it will be the differential of a 
function of three variables, and we can obtain the function by 
integrating either of the expressions (2), as in Art. (168), taking 
care to add to the integral a function of that variable which is re- 
garded as constant. Thus, denoting the integral of 
Vdx + (^dy by V, we have ''- 

« 

f{2dx + Qdy + Bdz) = t> -h Z (4), 

Z being independent of x and y, and a function of z alone. 

K now we differentiate equation (4) with reference to z^ we 
find 



248 INTEORAL CALCULUS, 



Tk dv dZ 

R = — + — ; 

dz dz 



whence 



f = E_*; Z=/(k-*)* + ^ 



and finally 



tt —/{Tdx + Q4y + Bdz) = V +/ 



(■> - 5> + «; 



By a similar course of reasoning, we may deduce the integral 
of the differential of a function of any number of variables. 



171. In article (168) we have denoted/Pdaj by t» ; whence 

^ = P. 
dx 

Differentiating this with reference to the variable y, we find 






■Art. (168); 




dy dy dx 



vhenoe 



^d. = &. 



dx dy 

Integrating with reference to the variable x^ we have 
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-—dx, 
dy 



or since {dP)^ = d{Pdx)^ 

d/Fdx __ r d{Tdx) 



rFdx ^ r djTd 
dy ^ J dy 



By which we see that we may differentiate with reference to 
another variable, the indicated integral of a partial differentialy by 
simply differentiating the quantity under the sign. 




INTEGRATION OF DIFFERENTIAL EQUATIONS. 



172. These equations when of the first order, and when de- 
rived from equations containing but two variables, will appear as 
particular cases of the general form 

Tdx + Qdy = 0, 

and may of course be integrated as in article (168), when 

dP _ dQ 
dy '^ dx 

and give 

fPdx + Y = C. 

In practice, however, it will in general be found, that in con- 
sequence of the disappearance of a factor, common to both terms 
of the differential equation, or when the differential equation has 
been obtained by the elimination of a constant from the prim- 
itive and its immediate differential equation, Art. (56), this condi- 
tion is not fulfilled ; hence other means of obtaining the integral 

must be sought for. 

S2 



w 
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In the first place, it is «victent that, if by any transformation 
the equation can be placed under the form 

Xdx + Ydy = 0, 

X being a function of x and Y of y, the integral can be found by 
taking the sum of the integrals of the two terms ; thus 

fXdx+fYdy = C. 

17d. Among the most simple forms with which we meet, are 
L Ydx + Xdy = 0. 

IL XYdx + X'Y'dy = 0. 

The variables may be separated, in L by dividing by YX, and 
in n. by dividing by YX'. The results 

X ^Y ' 



and 



Y Y' 



are xmder the proposed form. In general, if the value of -1., de- 

dx 

duced from the equation, be under the form 

dx 



we have 



|^=Xrf«; and C^^fXdx. 
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1. Let 



Examples, 
ydx — xdy ss 0. 



Dividing by y«, we have 

— — ^ = 
X y ' 

or making C = lO^ we have 



te — ?y = C, 



2. Let 



«y*rf« + dy = 0. 



Dividing by /, 



«i« + -I = ; 
y* 



integrating, and reducing 

a^sy ~ 2 =: 2Cy. 
8. Let (1 - xfydx - (1 + yK^y = 0; 



whence 



and 



4. Let 



ar y 



2te + « — ?y — y = C. 

a; 



(1 + «*)<iy — Vydx = 0. 









\ 



\ 
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6. Let aV* -• (^y + 1) ^Rdy = 0. i^ v^A j / 

174. nL In all cases where the equation is homogeneous with 
reference to the variables, they can .be separated, and the equation 
placed under the proposed form. ^ 

Suppose the general form of the given di£ferential to be ' 

AjTfdx + Ba^y^dy == 0, 
in which n + m = h + ks:ig. 

Make y =xx, and substitute ; we thus obtain 

dividing by a', and putting for dy its value, zdx + xdx ; we 
have 

AsTdx +B7^{zdx + »dx)^0; 
dividing by {AsT + B3^^)x, we have 

which is under the proposed form. 



Exctmples. 
1. Let sfdy — y*rf« — xydx = 0. 

Make y ^ xx, then dy = xdx + xdx. 

Substituting in the given equation, we have ^ 

aMx + s^dx — « Vdar — x^zdx = ; 



\ 



\. 
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redncmg and'.iiitegrstiiig, 

«f2 - «*rfa; = 0, - i — te = C. 

Putting for z its value, we liaye finally 

& = _ (C + ?). ' 

3. Let «(2y — ydx = <b -/«* + y*. 

i 

175. IV. The equation 

(a + 6a? + cy)(£a? + (a' + J'« + e'y)<fy = 0, 

may be so transformed, that the variables can be sieparated and the 
integral found. For this purpose let us make 

whence • 

dx = dt^ dy =■ du. 

These values in the primitive equation, give 
{a + hS + c6' +ht + cu)dt + (a' + 5'4 + c'^' + J'< +du)du = g 

By placing 

a + W + c^' = 0, a! + h'i + e'^ = Q, 

we can determine proper values for the arbitrary quantities B and 
£', and our equation reduces to 



/ 

I 



I 



I 
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{ht + eu)dt + {h't + &u)du s= ; 

which being homogeneoug with reference to t and u may be treated 
as in the pseoeding article. 

This transformation is always possible, save when the values of 
S and 6' become infinite, which will be the case only when 




whence 






1/ 
J'o? + c'y = — (&t + cy). 



The primitiye equation thus becomes 



adx + a'dy + (Jo? + cy)(rf« + -.dy) = 0, 

9 



in whic)i the variables may be separated by making 

hx + cy ^z. 

Substituting this, and the resulting value of (fy, the equation re- 
duces to 



{a'h + yy)& 



dx 4- v*»T»*y^ 



= 0. 



If 



Ac - W = 0, 



we have at once the integral 



% 

k 

V 



in which the value of a; is to be substituted. 
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176. y. In the equation 

dy + Yydsn = Qda? (1),* 

P and Q being functions of «, the variables may be readily sepa- 
rated by making 



y £=«X. 



(2), 



X being a function of x^ for whioh a proper yalue is to be deter^ 
mined By differentiating equation (2), we have 

N dy = zdX + Xd«, ^ 

and by substitution in (1), 



tdJ. + X(<fo + Vzdx) = Qrfa?. 



.(8). 



Suppose X to have such a value that 



%d'K^=z Q<2a?. 



(4); 



equation (3) then becomes 



X((fa; + Paaia!) = ; 



whence 



f5^=-Pdir; 



h^'-fVdx, 



or taking the numbers 



« = e--^"'. 



* Note.-— Equations of this kind being of the first degree with reference 
to y and dy^ are sometimes improperly called Unear eguations. 
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From equation (4), we have 



dXz=:S^z=zQfi^^dx; 



whence 



X =/Q«^"'cte. 



These yiduea ci % and X, in equation (2), give 



177. Equations of the fonn 

a%f^Q^dx + hy^dx + caPdy = 0, 
may sometimes be rendered homogeneous bj making 

h being a constant to be determined* From this, we have 



dy == la^^dt^ 



y*" = «*". 



These values in the primitive equation give 

aaho^dx + Wdx + clcgfiih^dx = 0, 
which will be homogeneous, if 



ih» + »=p=j + ifc— 1, 



that is, when 



1? — n 



m 



= /> + l — j==ifc. 
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178. It has been remarked, article (172), that differential equa- 
tions sometimes fSsdl to fulfil the condition of integrability, in con- 
sequence of the disappearance of a conmion factor. Whenever 
this factor can be discovered, by trial or otherwise, the integral can 
at once be found, as in article (168). 



Let 



Tdx + Qiy=zO 



be a differential equation, in which the condition is not fulfilled, 
and suppose that 

« =y(«t y) 

is the factor by the disappearance of which the given equation has 
resulted. The immediate differential equation will then be 

Tzdx + Qpdy = 0, 
from which we have the condition 



dFz 
dy 



_rfQg 

dx \ 



or performing the differentiation 



1^ Pcfe__^ Qfiz^ 
dy dy dx dx 



or 



('f-4)+(f-f?>=» <■)• 



This equation expresses a relation between s^ «, and y, but its 
33 
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solutioii in the general case is sc difficult, that nothing wiU be 
/ gained by attempting it* 



/ 



/ 



\ 



\ 
I. 



1 



\ 



In the particuhur case, however, where 2; is a function of x only, 
its yalue can be determined, as we shall then have 



/ 

/ and equation (1) will reduce to 

i 



_Q^+/*?_^V=o, 






) 



dx_l /dP dQN. 

But by hypothesis « is a function of x, therefore 



^(f-g)-^')=^-. 



then 



/f=/Xd.; 



whence 



h =zfXdx, « = e^"* 

Let this be illustrated by the example 
\ da? + 2xydy + 2fdx = 0, 

Xin which 
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whence 



i (^ 1. ^^ - i = X 



and 



« being the common &ctor, the immediate differential equation 
must be 

xdx + 2^ydy + 2rj^dx =^ 0, 

which can be integrated as in article (168). 

In a similar way, if % =>f{y\ its value may be determined. 

179. Differential equations of the first order, containing the ' 
higher powers of dy^ may arise, as in the last case of article (56), 
from the elimination of the higher powers of a constant. Such 
equations, lifter division by doif^ may be put under the form 

The determination of the primitive equation will then depend 
upon the solution of equation (1), or upon the division of the first 
member into its factors of the first degree. There are n such 
factors, and it is plain that each, when placed equal to zero and 
integrated, will give an equation between y and x which may be 
regarded as a primitive equation. 
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dy 



K, tlien, the values of / be denoted by V, V, V", Ac., 

(to 

equation (1) may be written 

(i-^)(i-^')(s-'"h="' 

which may be satisfied by placing 

|-V=0, |_V'=0,*c.. (2); 

irnd if the integrals of these equations be denoted by P, P, P", 
&c, respectively, we shall have 

PFF'&c. = (3), 

for the most general primitive equation, particular cases of which 
may be obtained by placing P = 0, P' = 0, or the pro- 
duct of any of these factors taken two and two, or three and 
three, dbc 

It would appear, since a constant is to be added in the integra- 
tion of each of the equations (2), that (3) ought to contain n ar- 
bitrary constants ; but equation (1) can only be deduced from its 
primitive equation by the elimination of the nth power of a con- 
stant : [Or by raising (^ — V) to the nth power, in which case 

the primitive equation must be y =/\dx]. It is plain then thai 
the constants added ought to be equal, or that the same should be 
' added in each integration. 

The n differential equations of the first degree which are factors 
of (1) are readily accounted for, by supposing the primitive equa- 
tion to be solved with reference to C, which will .have n values, 
\ each of which differentiated will give one of the equations re- 
\fenred ta 
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Ab there will be difficulty in the solution of equation (1), when 
the degree is higher than the second, it will be well to discuss 
some particular cases which admit of integration by other 
means. 



180. I. Kthe pr6p06ed equation does not contain y, and it be 
easier to solve it with reference to x than with reference to 

-f, which we will denote hyp, we can then obtain 
dx 

Bat 

dy = pdXj 

and by parts, article (140), 

y = jpa? — fxdp = px — ff{p)dp + C ; 

whence, if f{p)dp' can be integrated, p may be eliminated by 
the aid of equation (1), and the primitive equation between a?, 
y and C, deduced. 

n. If the proposed equation does not contain ar, and may be 
solved with reference to y, we shall have 

y =/(;>)•— (3), 

&y = df{p) or pdx = df(p) ; 

whence 

P J V 




/ 



» 
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/ Combining this with equation (3), and eliminating |>, a primi- 

/ tive equation will reendt between a;, y and C. 

ILL When both variables enter, but y enters only to the first 
power, we may take its value in terms of J9 and x^ differentiate it^ 
and thus obtain 

Ay = Udx + Sdp] 

or, since dy = pda^ 

(R — p)dx + Sip = 0. 

If this can be integrated, the result may be combined witb the 
proposed equation, p eliminated, and a prinutiVe equation between 
y and x determined. 

Suppose the deduced value of y to be 

y = iw + P (4), 

in which P = f{p)* By differentiation, we obtain 

dy s= pdx + xdp -i dp ; 

dp 

or 

which may be satisfied by making 

dP 

a? -I- 5^ = (6), or dp = (6). 

ap 

\ 

\ ^nation (6) pves p ss 0', 

\ 

\ whence hj substitation in (4), 
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y = Ca: + C, 
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(y being what P becomes when ^ = 0. 

Equation (5) expresses a relation between a; and^, and if it be 
combined with (4), and j> be eliminated, an equation between x and 
y will result, which will contain no arbitrary constant. 

Let there be for a particular example * 



ydx — xdy = n'^dT^ + <fy"; 



whence 



y =|w + «Vl 4- f, (7), 



dy = |x2a; -|- a;(!p 4. 



npdp 



VTT? 






whence 



it ^ — "^ =0, <i|> = or i> = C. 

This value of j? in (?) gives 

y = Oa? + »Vl + C*. 



From the other factor we have 



P=^ =fc 



V»«- «• 



which in (7), gives 



fc.'- 



/ 
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n' 



a result containing no arbitrary constant, which will be further 
explained in the following article. 



SINGULAR SOLUTIONS. 



/ 



/ 



/ 



181. It has been seen, that man}' differential equations of the 
first order result from the elimination of a constant, from the pri- 
mitive equation and its immediate differential. Thus, let 

yi;aj,y,C)=0...,..(l), 

be the primitive equation containing the variables x and y, and the 
constant C, 

Tdx 4- <¥y = (2) 

its immediate differential equation, and 

Fete + Q'rfy = (3), 

the result obtained by the elimination of C from (1) and (2). It 
may now be asked ; may not such a function of x and y be substi- 
tuted for C, that the result of the combination of equation (1) un- 
der this supposition, and its immediate differential, shall be the 
same as before ? To answer this, let equation (1) be differentiated, 
x^ y, and C being regarded as variables, we thus obtain 

Vdx + Qrfy 4- O'dC = (4). 

Now if Q'dc == 0, it i? plain that equation (4) will be the same 
as equation (2), and the result of the elimination of C between it 
and (1), will then be the same as equation (3)* 



\ 
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If then for C in equation (1), we substitute the variable value 
deduced from the equation 

C'rfC = 0, 



\ 






that equation will contain no arbitrary constant, and yet will be 
as much a primitive equation, as any one containing the arbitrary 
constant. 

Such results are termed singular solutions^ inasmuch as they can 
not possibly be obtained from the complete integral, Art. (132), by 
assigning to the arbitrary constant a particular value ; the latter 
results being called particular integrals, 

The equation Q^dO = can be satisfied, by making 
rfC = or C = 0. 

The first gives C = a constant, the particular values of which 
when substituted in equation (1) give particular integrals. 

The values of C deduced from C = 0, if variable, will then give 
the only singular solutions. 

To illustrate, let us resume the complete integral of equation 
(7), in the preceding article. 



y = Ca? + nVl + C«. (5). 

Differentiating with reference to C, we have 



= xdQ + 



nCrfC ^ 



/ 



/ 



whence 



34 
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said 



X + -^£= = (6), 



«« + a^C« = n«C*, or = ' : 



tlie negative value of being plainly the only one which will sat- 
isfy equation (6). Its substitution in (5), gives 



V«« — a? ^ n* — «• 



y = -/»« — «• or y" + ic* = n', 
the singular solution found in the preceding article. 



\ 



INTEGRATION OF DIFFERENTIAL EQUATIONS OF 
J THE SECOND ORDER. 

182. Of these equations, which in their most general form con- 
tain — ^, -i:, y. X. and constants, we E^hall only discuss those 



L The proposed equation may contain only — -^ x^ and con* 
•tants ; in which case, solving it with reference to — —^ we have 



X 



N 



N 



\ 



X 






\ 



X 
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which may be integrated as in article (164). 



cPy 






N 



X 



\ 



188. n. It may contain only --^ y, and constants. . SoIt- 



da^ 



ing the equation as before, we obtain 






Multiplying by 2dy^ 



2dy (Pjf _ 



and integrating, , 






^ :^ 



y.^ ' . .^/.'/vi 1. 11 Vc'-'^/ 






.."^v^" 



. ♦ 



.'C^ 






<te* 



='V2/Ydy + 0\ 



f -^ 



N 






whence 



(2ff = 



dy 



.ji. 



V2/Ydy + C 



•=/ 



dy 



V2fYdy+G 



+ C' 



1. If 



Examples, 
a^dhf + yiaj* = 0, 



da? 



2dy dSf 2ydy 



dx dx 



^ = -^0. |=v/o^. 



( p 




/ 




UbUg. 



+ (>, 



el, article (138). 



= rfaj*. 



184. m. n« 

atantSy being expressed generally thus, 



contain only -jf, X^ and oc 



con- 



yI^, $^^ = 0. 



\^rf«*' dry 



(1). 



Make ^ 
dx 



= ^; 



then 






dp 



-f-^ and (1) becomes 
ax 



f(*A=., 



wfajch is of ilie first order with reference to dp^ and may be solved 
with reference to dx ; whence 



dx = F(jp)di^ (2), 

Multiplying (2) by j>, we have 
pdx =:dy ^=- P^'ij^P 9 



« =^f^%PW + C (3). 



y=/|,F(/>)dp + Cr (4). 



Eliminating p firoin (3) and (4), we have the primitive equation 
between x, y, and the two arbitrary constants C and C. 



For an exainple, let 
dxd^y 



V '* 



: «. or i^.+ ^ 

\ dp 



«; 



> 



f f \ ' I.- . " / ill'*- "l^ 
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whence 






jxto = tfy =s -i£2--. 



Integrating the last two expfeanonsy we have 






K=: G + 



op 



Vi ^f 



y==0' — 






and eliminating pj 

as was to be expected, since the proposed equation ezpresseB a 
constant radius of curvature* 



185. IV. If the given equation does not contain y, it may be 
expressed 






or 



F^|,,^«^ = o, 



■) 



which is of the first order with reference to dp. Its integral wiH 
give an equation of the form 



V 



in which, p being replaced by ^, and the result integrated, we 
shall have 

/'(jr, <r) = 0, 



mih two arbitrary constamta. 



8f0 



or 



u nmo&AL 
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For an example, let 




» 




dy 

d» 


X 


dx X 




dp dx 


(p = te + 0, 




p^Cx, 


^ = C'x, and 




y = ^/ + 0". 



/ 



/ 



^ 186. y. If the given equation does not contain x^ it may be 
expressed 



/ 



/ 



\ 



\ 






') 



(1). 



Sinee dy = pdxy 



, dy d^ _ dp _ pdp 
j> dar dx dy 

and equation (1) may be written 

which is of the first order with reference to dp and dy. Its inte- 
gral wiU then be expressed 



F'(AJf) = 0, 



or 



'{%')■■'■ 
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and this may be treated as in case 11. Art. (180). 



187. YL K the equation be of the fonn, 









+ x 


dy 
dx 


+ X'y = 


: 


Make 






y 




,/«<• 




then 














dy 
dx 


= ««/•*, 






e^' 



.(1). 



(2); 



V 



dx) 



These values in (1) give, (since the common &ctor e^"*^ dis- 
appears,) 

^ + a» + Xtt + X' = 0, 
dx 

which is of the first order with reference to du. After integration, 
the value of u being determined and substituted in (2), will give 
the required primitive equation, 

y r= «//««•. 



INTEGRATION OF DIFFERENTIAL EQUATIONS OF HIGHER 

ORDERS THAN THE SECOND. 

188. Of these, it will also be sufficient for our purpose to discuss 
a few of the most simple cases. 




I 
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I. Suppose the equation to contain only — ^, t^ ^^^ ^^' 
Btants, it may then be expressed, 



(z ^) = » <"• 



Make 



- — 4 = u then —i s= -— 
These values in (1) give 



(£••)=»■ 



which is of the first order, and its integral will give^u in terma 
of a;, or 

and finally, 

y =f-\X + C)d^\ 

189. n. Suppose th^ equation expressed thus, 

f(^ tf-^\ ^ ^jj 

\d^ dsxr^ J ^ ' 

Make 

i^ = u, then ^^^ 
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and equation (1) will become 



(^")=»- 



whicb may be integrated as in article (183), and the value » 
tt = f{x) determined ; we shall then have 






= f(x) and y ^f^f{x)(br^. 



f.' 



/ 190. IIL Suppose the equation to be of the form 
/ (Py + Kd^yda + Bdyda^ + Dyda^ =;= 0...- (1). 



/ 



Make 



y = e' 



.(2), 



/ 

I u being an arbitrary function of x ; then 

' dy = e^'du cPy = ^{d^u + du*) 

I 
i 

d^y = c"(cPm + 3d«<?tt + du^y 
These values in (1) give 



\ 



dJ'u + Zdud^u + dt^ + A{dhi + du^tx 



+ Bdudse" + Dda^ = 



.(3). 



Since u in equation (2) is arbitrary, let such a value be 
to it, that its differential shall be constant, in which case 

du = mdx, d^u = 0, (?« = 0. 

Equation (3), under this supposition, reduces to 

m' + Am' + Bm + D = (4). 



■N. 



/ 



/ 



/ 



X 



\ 
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/ From this equation we may detemune the value of the oonstaat 
yn. Denoting the three roots by 

we have for du the three values 

du = mda?, c{«« = m'dx, du = ii»"dp ; 
whence 

tt = ifix + C, V = m'a: + C, w = m"a? + C", 



I 



j and 

or calling 
\ ' e^ = 0, ««' = C, e«" = C", 

But since these values of y each contain but one arbitrary con- 
stant, they must be particular cases of the general value of y, 
which must be of such a form that either of the above particular 
values can be deduced from it ; that is, 



from which the first particular value is deduced by making C a' « 
0" = ; and in a similar way, the others. 

If two of the roots m, m', m", are equal, that is, if m = m', we 
\ should have the equation 



\ 



^ y = (C + Cy^^ + C"^'" = Ce"" + C"^", 
\ containing but two arbitrary constants, C + C being denoted 
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by C. It is not then general. But in this case, y = Ce"** be- 
ing a particular value, « 



y = QxiT, 



.(6) 



will be another ; for, differentiating it, we have 

dy = C'«^(l + mx)dx, 
cPy = 0'«^{2f» + m^x)dixF, 

and these substituted in equation (1), give 

(w» + Am* + Bm + D)a;,+ (3m« + 2Aot + B) = (6). 

But the coefBcient of a; is the same as the first member of equa- 
tion (4), which has two roots equal/ to m ; and dm* -{- 2 Am + B 
is its first derived polynomial, which, when placed equal to 0, must 
have one root equal to m (see Algebra) ; hence both terms of (6) 
are 0, and y = CxtT* satisfies the given differential equation, and 
must therefore be a particular value of the general one, 

K mz^mf^ m", it may be shown also by trial, as above, 
that 

y = C'Ve"^ 

is a particular value ; whence the general value must be 

y = «^(C + Ox + C"aj«). 

Two of the roots may be imaginary, but as the discussion in 
this case is quite complicated, and of little value to the student, we 
omit it. 



\ 



/ 



\ 



\ 



^ 



/ 



/ 
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To illustrate the above, let 

; ^ d®y + 2<Pydx — d^/dtx^ — 2y(2x' = 0. 

< 

/ Comparing this with equation (1), we have 



A = 2, B=:-l, D=-2; 

and equation (4) becomes 

!»• + 2»i' — III — 2 s=s ; 

whence 

III = — 2, 1, and — 1, 

and the general value of y is 



191. It is plain that the preceding principles can readily be ex« 
tended to the general equation 

d^y + kdr-^ydx + Bef^V^ + MyijE" = 0, 

and that the general value of y will be 



j . y = Ce~^ + C'e"" + C"c"'" + &c 

r 
I 

I 

» 

\ 192. If the equation be 

I. 

« 

t 

d^y + XePycfe + X'<fyrf»» + X"ydaJ» = (1), 

\ 
» 

'^ in which X, (fee. are functions of «, the difficulty of integration is 

^ much increased. If, however, we know three particular values of 
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y, Cy*, Cy, C"y'", each of which will satisfy the given 
equation, then the general value of y will equal their sum, that is 

y = 0/ + cy + cy'' (2). 

To verify this, let equation (2) be differentiated three times and 
the ^oper values substituted in (1), we shall thus obtain 

0(rf«y' + XcPy'rfa; + X'dy'd^ + X"y'ds/) 
+ C'(dy' + ^^y"dx + X'dy"dix^ + X"y"^) 1^ = 0, 
+ C"(dy" + y^*"dx + X'dy'"d!i^ + X"y"'ds?) J ^ 

which is satisfied, since each of the three terms is by hypothesis 
equal to 0. 



103. The above demonstration can be generalized, and a similar 
result obtained for the equation 

d"y + Xd'^^ydx + .yX^—^J'eic" = 0. 

This, and the equations discussed in the three preceding arti- 
cles, belong to the class termed linear. See note to article (176). 



\ 



\ 



/ 
/ 






INTEGRATION OF PARTIAL, DIFFERENTIAL EdUATIONS 

OF THE FIRST ORDER. 

194. A partial differential equation of the first order, derived 
from an equation between the three variables %y y and a;, % being 
regarded as a function of x and y, contains in its most general 
form, the three variables, the two partial differential coefBcients, 
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— and — , and constants. Without attempting to discuss the 

most general, we will confine ourselves to a few of the most simple 
cases. 



I. If the equation contains but one partial differential coefficient, 
and the two independent variables, that is, if 

~ = P, 
dx 

P being a function of x and y ; we integrate at once as iii article 
(166). For example, if 

dx X J 

T-=-7=i===» » = Va?« + y» + Y. 
dx V^ + y' ^ -ry -T^ 



195. U. Let the equation be 



T = ^ 
ax 



R being a function of the three variables. Since the partial dif- 
ferential coefficient has been obtained under the supposition that 
y is constant, the proposed equation may be regarded as a differ- 
ential equation between z and x^ and may be integrated as in 
article (172), taking care to add an arbitrary function of y. 



^y Examples, 

\i.Let $ = :»^ZEE,. 

\ ax z 
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By the separation of the variables, we have 



xdx =: 



xdz 



Vy»- «•' 



and by integration 



2. Let 



I- = - v9"=^ + 9 (y) 

dx _ f + ^ 
dar "~ y" + aj* ' 



/ 



196. m. Let t^e equation be 



ay ax 



M and N being functions of x and y. 



dz 



Solving the equation with reference to — , we have 

dy 



dz 
dy 



N ^ 
M dx 



/ 



But since x is a function of x and y, 

dx = -~-dx 4- -— <fy , 
dx ^ dy ^' 



or by the substitution of the value of 



dy 



*=£<^-> = l(^^)-w 



/ 



/ 



./ 



t I 
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.If S be the factor which will make "Mdie — N<2y isiegrable, we 
-may write ** 

r 

which in (1), gives 

J 1 dz J 

SM da ' 

to satisfy which, it is only necessary that — . = F(w); whence 

dz = F(u)du z = q)(«), 

the fonn of this function being arbitrary. 

* 

Examples, 

1 Tf dz dz n 

1. If «— - y -. = 0, 

ay a:r 

Mdof — Ndy = iwfa; + ydy, 
which is made integrable by the factor 2, and we have 
31^ + y^ = u, and z = (p{s^ + y*), 
which is the general equation of a surface of revolution. 

o T* dz , dz ^ 

M(i« — N(fy = ydx — axfy, 
which may be integrated by the aid of the factor -— ; whence 

ST 
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SB 

~ =: «, and 

y 



<t)- 



RECTIFICATION OF CUEVES. 

197. The operation by whicn the length of a curve is deter- 
mined, is called its rectification ; and when a right line can be 
constructed equal in length to a definite portion of it, the curve is 
said to be rectifiahle. 

If X and y are the co-ordinates of any point of a curve %^ we 
have, article (86), 

dz = ^ds? + rfy", or % r=.f-yjd^ 4- dy*, 

which is a general expression for the length of an indefinite por- 
tion of any curve. 

In order then to obtain the length of a particular curve ; we 
differentiate its eqtiation, and hy comhining the result with the 
given equation, deduce the value of dy in terms of x and dxy or 
of dx in terms of y and dy, and substitute in the general expres- 
sion for the differential of an arc. This vnll then contain hut one 
variable and its differential, and the integral will express the length 
of an indefinite portion of the curve. 

If the length of a definite portion be required, tjie integral must 
be taken between the limits, designated by the two values of the 
variable belonging to the extremities of this definite portion. Art. 
(132). If the expression thus obtained can be constructed geo* 
metrically, the curve is rectifiable. 

36 
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I* „ * .. » «■ 

/ 108. Let these principles be applied to the rectification of the 

parabolas given by the general equation 

This can be written 

1 m 

y=j^a;»=pV. (1). 

By €lifferentiati<»i, we have 

to 

dy = rp^ijiT-^dx ; 
hence 

This admits of an integral, in a finite number of algebraic terms, 
and may be constructed, when either 



2r — 2 



or 



\^2r— 2 2^ 



is equal to a positive whole number, Art. (147). 
Denoting these numbers by h and y, we have 



{ 



—2 I 2r— 2 2^ ' 



2r— 2 



/ / 






whence ^i^-'^ f. 

r a= 1 — ; and r = -—- . 

2* ' 2* + 1 



These values of r in equation (1), give 












' • 
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y = ;/a; «* , and y = |)'a!^' (2). 

'Whenever the equation is a particular case of either of these 
forms, the parabola represented by it is rectifiable. ,/>^ ' 

As the second of equations (2) will become of the same firm as ^^ » 
the first, by changing x into y and y into df, they will represent ^^^ - * t ,^ 
curves of the same kind, and all the cases of rectification may /^-^ ^ ^'' * ' < 
therefore be deduced by the discussion of either. ^ ' 



K in the first, we make A: = 1, we have ',,',• 

which is the equation of a cubic parabola. In this case r s= — 
and i 

If we wish the length from that point whose' abscissa is a, to 
that whose absdssa is 5, we take the integral between the limits a 
and b. 

Let us, however, estimate the arc from the vertex, or suppose 
the origin of the integral to be « = 0, Art. (132) ; we then have ^ 

0=_1_+C. or C=-_!_; ^^ff^tll 

whence, denoting this particular integral by z', tp T - -^ X 1 / 

for the length of any arc whose absdssa is x. 



384 INTBGRAL OAl^OXJhVB. 

109. By differentiating the equation 
we obtain 

^ P 

This value in the expression « = / \/d«* + d^, gives 
whieh/By ^rmuia IB may be reduced to ^'^ - / 

Bat 



henoe 

2p 2 

If we estimate the arc from the vertex, where y = 0, we have 

= £7jp + C, or 0==— Zfo, 

2 2 

and ftially, denoting the particular integral by z*^ 
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'^ = ^^^/ ^ + f [^(v^T+V + y) - H 



which is transcendental and can not be constructed. Hence the 
common parabola is not rectafiable. .^ j^t^'^ 






200. For the arc of the circle, we have, Art (86), ^/\,, ^ O ^' <v;„ / 






which can only he expr€$9ed by a series and therefore admits of no 
construction. J 



t ' t 



Differentiating the equation of the ellipse, we deduce 
whence 

■ \ X «y «^ v?^=^ 

which can only'b^ expressed by a series. 



a.r^ ' ' 



201. The differential equation of the cycloid, Art. (114), is 

By the substitution of this value of d»^ we obtain 

t =:fVda? + d^ ^fdy^J^TLl = -v/27/<fy(2r -y)-^; 



2ry'-'y^ 



\ ■ 7' 'f " * • ' ' / ' 



V 






J 



N 
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whence, article (120), 
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« = — 2-v/2r(2r — y)* + C == - 2V2r(2r - y) + C. 

K we estimate the arc from the point D, where y = 2r, we 
have 




= + 0, or = 0, 



and 



ir--B 



2' = DM = - 2V2T{2r — y). 



.(!)• 



From the %ure we see that 



DF = VDC X DH = V2r(2r - y), 



hence 



DM = - 2DF, 



or the arc is rectifiable and equal to twice the correspandinff chard 
of the generating circle. 

If in equation (1) we make y = 0, and denote the definite in- 
tegral by «", we have 

«".= DMA = - 4r = - 2D0, 

r 

as in article (118). 



202. For the rectification of the spiriils we take the expression 
in article (120), 
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By differentiating the general equation u = ar^ we 
deduce 

whence by substitution, <fec., 

For the logarithmic spiral, when M = 1, we have 

t ss luy dt=z — , 

u 

z z=:fduV2=^ ttVT+ C; 



or, estimating the arc from the pole, where u = 0, we have 








v.. 

f 


1 



or the diagonal of the square upon the radius vector, ''^^^ ) - ' * 



QUADRATURE OF CURVES. 

203. The quadrature of a curve is the operation by which the 
area included within it is determined ; and a curv^ is quadrahU 
when a square can be constructed equivalent to this area. 

In article (88), we have 

rf* = ydx^ or s z^fydx (1), 

ill which 8 "represents the indefinite area limited hf the curve and 
the axis of X. 
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To d[>tain the value of s for any particular curve, we take the 
value of y in terms of x from the equation of the curve, or the 
value of dx in terms of y and dy from its differential equation, 
and suJbstitute in thefotmula s =zfydx ; the result obtained 
by integration will be the indefinite area. 



204. The value of y taken from the general equation of para- 
bolas, Art. (198), is 

y^p'^ v-(i)» 

whidi, in the formula, gives 



S^fjpfsfdX:=:.^^ +0. 



If we estimate the area from the origin, where a; = 0, 
we have 

= 0; 
whence ^^ - !" '^' 

r + 1 r + 1 ' 

that is, the area of a portion of a parabola, included between the 
curve, the axis of X, and any assumed ordinate, is equal to the 
rectangle of the ordinate and corresponding abscissa, divided by 
r + 1. Hence all parabolas are quadrable. 

The same result may be obtained otherwise, thus : The value 
of « from (1) is 
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fi X = i!ll, whence dx = l_l-j— s , 

tmd this, in the fonnnla, gives ^-J^^ -J!;'^]^ 



^. 



as before. 

For the common parabola, we have r = i ; whence 

i + 1 3 
For the cubic parabola, r = | ; whence 

«' = — a^. 
5^ 



205. The value of y taken from the equation of the ellipse re- 
ferred to its centre and axes, is ^, , . 



h t ' 

a ' 



hence 



, I- 



\ 



Bj formula IB9 we have 



\ < » f . * - 






Jr"^ 'd,%<^'r--". """■ -^ 



^' 



/; : 



ft 



But 
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J V a" - «» 



sin-** +C; 



whence, finally, 



» = — x'^t^'^^^^ Ji sm""* 1- 0; 

2a ^2 a ^ ' 



which can not be constructed. 

Taking the area between the lii^ts a; = and « = a,' 
we have 




for «=0, » = ?5^8in-*0 + C = C; 



for 0? = a. 



aft . _i - , r\ ah ^ , n . 
8 s= — sm ' 1 + = hC; 

2 2 2 

and for the difference, or definite integral, 

9" = -^4r = CDB = ith of the eUipse; 



hence the entire area is ^ab. 



If a = bj the ellipse becomes a circle of which a is the 
radius ; whence the area of the circle is 

^ita* =s AT (radius)'. 
The same result may be obtained by taking the value 
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t. ^^< 



/; I ^ 






whence 

for the area of an indefinite poridon of the dicle. 



I ' I 



206. In order to find an expression for the area of a portion of 
the hyperbola, it will be best to take its equation f^hen referred to 
the centre and asymptotes, 

xy ^ m^ 

and, since the asymptotes are oblique to each other, we must use 
the formula deduced in article (88), 

d% = sin cj ydx^ 

w being the angle included by the asymptotes. 



The value y = — being substituted in the fdlrmula, giyes 

X 



J . vndx -I 

09 = sin ej ; whence 



« = sin cj nih + 0. 



X 



If we call the distance C6 = 1, 
and estimate the area from the or- 
dinate AB, for which « = 1, we 
have 



w* = 1 and = 0; 



whence 




^ = sin <silx\ 



2d2 
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or since sin u may be regarded as the modulus of a new system 
of logarithms, we have 

«' = log X ; 

or, the area between the curve and a^mptote estimated from the or^ 
dinate of the vertex is equal to the hgarithnt of the- abscissa of its 
extreme point, taken in a system whose modulus is the mu of the 
angle made by the asymptotes. 



207. The valud of dx taken from the differential equation of the 
cydoid, and substituted in the expression s -ss^fydx, gives 



=/ 



fdy 



V2ry 



which can be reduced by formula IB9 and finally integrated. 

A more simple method, however, is to obtain directly the area 
ALD. If we denote 

P'M = 2r — y by «, we shall have 



r> J . 



}.<> . 




whence ' 



d ALFM = rf« = xdx, 
ds = (2r — y)dx = dy y2ry — y* ; 









s ^=-fdy VSry — y*. 



But this is evidently the area of a portion of a circle whose 
radius is r, and abscissa y, Art. (205) ; that is, the area of the 
segment OFH. If we estimate these areas ; the first from AL, 
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and the second from the point C, they will both be 0, when 
y = ; the arbitrary constant to be added in each case will then 
be 0, and we haye 

ALP'M = CFH, 
and when y = 2r, 

ALD = CFD = —. 

2 

But the area of the rectangle 

ALDC = AC X CD = «r.2r = 2«'f^; 
hence 

area AMDC = ALDC - ALD = lirr«, 

2 

double of which, or the area included between one branch of the 
cycloid and its base, is equal to three times the area of the genera- 
ting circle. 

From this we see also, that the area, included between one 
branch of the cycloid and its base, is equal to three fourths of the 
rectangle described upon the base and axis, and this particular 
area would therefore appear to be quadrable ; but in reality it is 
not so, for the base of this rectangle is the circumference of the 
given circle, to which it is not possible to construct a right line 
equal. In fact, y being the independent variable in the equation 
of the cycloid. Art. (114), it is impossible for any assumed value 
of y, to construct th« corresponding abscissa, and thus the position 
of the points C, B, (fee, can only be determined approximately. 

208. For the logarithmic curve 
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hence 



or 



y = log « ; 
8 =/log arete, 



« = «log a? — Ma? + .Art (140). 

M being the modulus. 



If we estimate from the point B, where a; := 1, we have 



0=-M + C, C = M, 



and 



a' = a? log X — Maj + M. 

V 

Tf we take th^ area included between the curve and axis of Y, 

> 

s ^fxdy^^fxU— = Ma? + C, 

X 

or estimating from the line AB, for which a; = 1, 



C= -M; 



whence *' = M(ar — 1). 



If a? = 0, we have «" = ~ M = area Y'ABM'. 



If a; = 2, 



M 



*" = M = area ABMS', 



209, The curve given by the equation 




X \y 



F to which, as in the figure, the axes of co-ordinates 
^ are asymptotes, presents a case worthy of notice. 
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Bj differentiation, we obtain 

- y 



whence 





206 




1 

y 







= _/*i^ = l + c. 



EBtimating the area from the line AY, where ^ = oo , we have 



= A + C, C = 0, 

00 



and 



^=1. 



By making y = 1 = MP, we have 

8" = 2 = APMD; 

that is, the area APMD is finite and equal to twice the square 
APMC, although the curve does not touch the axis of Y at a finite 
distance. 

If we take the area between the limits y = 1 and y = 0, we 
have 

area FMPX = — — 2 = oo . 



V 

210. For the quadrature of spirals, we take 

' ds = !^....,.Art. (120), or , = J^^. (1). 



206 
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The value of u' taken from the general equation of spirats, Art. 
(121), is tt' = a*<*". This substituted in formula (1), gives 



=/ 



a^f^dt 



4n + 2 



+ C. 



Estimating the area from the pole, where < = when n is 
positive, and oo when ti is negative, we have, in all cases except 
^ / when n is negative and numerically less than ^, 0=0, and 



<:6 






C^'ti 









LJr C ^ -, '^ \ 



r 






<i>t^ 




. ' / / / For the spiral of Alfehimedes, n = 1 "aiid a = — : wheno6 ^^ ^ <l^ 



» » 



QD 



«' = 



24'** 



K in this we make r = 2«', we have 



*" = -. 



which is the area 




PMA included within the first spire, or 
that described by one revolution of the 
radius vector. Since PA =1, * re- 
presents the area of the circle PA; 
hence 



area PMA = — of the circle PA. 

3 



If i— 2{2flr), we have 



9 



24** 



=1" 
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which is the whole area described by the radius vector during two 
revolutions. But it is pbtin that, during the second revolutiony 
the part PMA will be described a second time ; hence, to obtain 
the area PAM'B, we must subtract that described during the first 
revolution ; we then have 

PAM'B = Ir - 1* = 1*; 
3 3 3^ 

and in general it will be seen, that by each revolution of the 
radius vector, the area before described will be increased by the 
area from the pole out to the last spire ; hence, to obtain the area 
from the pole out to the mth spire, from the whole area described 
during m revolutions, take the area described during m — 1 
revolutions, or take the integral' between the limits 
/ = (m — 1)2«', and t =5 «2^flr, which gives 

{m2<gf [(m — l)2ir]' tcJ' — (m — 1)' 
24** 2W 3 

The area terminated by the (m + l)th spire is then 

im + 1)' — m' 
^ — -^-~ *i 



and the difference between the two expressions gives the area in- 
cluded between the mth and (m + l)th spires, thus 



If wi = 1 in this expression, we have the area included be- 
tween the first and second spire equal to 2*ir ; hence, in general, 
the area between the mth and (m + l)th spires is equal to m times 
that included between thi first and second, 

38 
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If the area PAC be required, AC being a portion of the 
second spire corresponding to the arc AD = — , we should 

have for the whdie area generated when the generating point has 

arrived at C, since t sz 2w •] -, 

n' 



.-tin" . 



8 — • 

24?" 



from which, subtracting the area PMA, we have 

24«'» 24«^ ii^ ^„/ ^ - '• "' 



_1^ 

3n'* ) 



or if we call AP (which has been regarded as unity) r, 



APC = 






1 ' 2«' 

If AC = — circumference = — , then n' = 4, and 

4 4 



APc = 1(^1+1 +±y 



For the hyperbolic spiral « = — 1, and the general value 
of f' becomes 



o« 



2t 

whidi is infinite when ^ = 0. For the integral between tke 
limits t =i b and ^ = c, we have 
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2yb ' c J 



In the logarithmic spiral, when M = 1, 

/ t =Ztf. dt =: • 



I 






8 



. « , . • /J r 



K t . 



^ = yT- = r + ^' 



* / 






or estimating from the pole where u = and 0=0; we have 






that is, equal one-fourth the sqiuire deserihed upon the radius vector 
of the extreme point of the curve. 



AREA OF SURFACES OF REVOLUTION. 

211. In article (89), we have found for the differential of the 

area of a surface of revolution du = 2ryVd3? + di^ ; whence 
for the indefinite area, we have 



^Or 1 ^ ^^ 



M =/2iry Wx« + df (1), 



the axis of X being the axis of revolution, and Vds? + rfy* the 
differential of the arc of the generating curve. 

The indefinite area of any particular surface wiU then be ob- 
tained, by deducing from the equation and differential equation of 
the meridian or generating curve^ the values of y and dy in tertr t 
of X and dx ; or of dx in terms of y and dy, and si^stituting in 



C L 



r 



•v. ' 



' 



Yl 
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formula (1). Ths result of the integration wUl be th£ area re^ 
quired. 

212. Let the line AC, hj its revolution about A5, generate tlie 
surface of a right cone. The origin of co-ordinates 
^^^ being at A, the equation of AC is 

A ■ y zszax; whence dy = adxy 

and 

u sszf2€aadx Vo* + 1 = itaa^Va^ + 1 + 0. 

Estimating the area from the vertex, where jc = 0, we have 
G = 0, and 



u 



/ =s ^as^-^a* + 1. 



dng si = AB = A, we have the area of the cone whose alti- 
tude is hj and the radius of the base BC = ft, 

uff == raAV«* + 1, 



or smce as---, 
h 



2 2 ' 

that is, the circumference of the base into half the side. 



218. From the equation of the circle, we have 



y = V2rx — «*, 


^_{r~x)dx 



Ibe surface of tiie sphere is then 
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aoi 



or 






// 



^•-v, ^ 



-V^ 



.Q^-vJ -:.r : c^v.- ;. 






-;■. ^ 



u = 2«'faf + C. 



Taking the area between the limits x ss 0, and x 
we have 

m" = 4n^ i=fourffreat circles. 



<yv/.</-.>5;t(, -iv 



= 2r, 



214. From the equation of the ellipse, we have 



^ ' 



whence for the area of the ellipsoid of reyolutiony 






or placing 



2r& 
a« 



Va» - 6« = C, and 



a" 



a^ "-V 



= R^, 



But fdxV^'^ — «" = area of a circular segment whose ra- 
dius is R', and abscissa x, Art (88). Integrating this between 
the limits « = 0, and x = CB = a, 
and calling the segment CBFG = D, 
we have 



a" = CD = 1 area of Ellipsoid. 




E A 



Jt S 
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If a = 6 in the primitive value of «, we shall have 

u =y2iradaj = 2irflw: + C, 
for the sur&ce of the drcumscribing sphere. 

Let the area of a paraboloid of revolution be determined. 

214. By the substitution of the value oidxj Art (201), in the 
general expression for u, we have for the surface generated by the 
revolution of a cycloid about its base, 

tt = 2* V2rfydy{2r - y)"*. 
Placing 2r — y = a;, and integrating as in Art. (131), we have 

tt = itV^rf--- 4r(2r — y)* + — (2r - y)* j + 0. 

Taking the area between the limits y = 0, and y = 2r, we 
have 

3 ' 

for one-half the surface. The whole is ^ the area of the ffenera- 
Hng circle* 



CI7BATURE OF SOLIDS OF REVOLUTION. ^ 

215. The operation by which the solid content, or solidity of a 
solid, is determined, is called its cvbature. 

For the differential of a solid of revolution we have found, 
Art (90), 



INTEGRAL CALCULUS. 



308 



do = ry'dr, or v ^s^fici^dx. 



(1); 



in which y and x represent the co-ordinates of the curve which 
generates the bounding surface, the axis of X being the axis of 
revolution. 

For the cubature of any particular solid ; we find, from the equa- 
tion of its meridian curve, the value of y^in terms of x; or from 
the differential equation of the curve, the value of dx in terms of y 
and dy, and substitute in the above formula (1) ; the result of the 
integration will be an expressum for an indefinite portion of the 
solid. 

216. Let the rectangle ABOD revolve about AB and generate 
a right cylinder. The origin of co-ordinates being at A, the equa- 
tion of DO will be, 



y = AD=ft, 



then 



B 



V =zfntfdx :=f^Vdx = ^Vx -H 0. 



Taking this between the limits a? = 0, and x = AB = A, we 
have 

v^' 3= tl^h = the base into the altitude. 



217. The equation of the ellipse gives 



6« 



a* 



whence for the ellipsoid of revolution 

v=/*^(a» - x'^dv^—ia'xl^t.) + 0. 
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Estiinating the solidity from tbe plane through the centre, per- 
pendicular to the transverse axis, we have a? = 0, = 0, and 

a«^ 3 ' 

Making a; = a, we obtain for one half the solid 

o" ^ 3 ' 8 

and for the whole 

^*¥a = lieh^ X 2a: 
3 3 

or, eqtial to two-thirds of the circumscribing cylinder, 

K the same ellipse revolve about its conjugate axis, we have 

which between the limits y =. -^ h and y '=^hy gives 

3 3 

The latter solid is called the oblxite spheroid^ and the former the 
prolate spheroid, and we have the proportion 

4 4 • 

the prolate : the oblate : : —ntb^a : ^nra^b : : ft : a. 

^ 3 3 

H in either expression a =r 6, we have 

V 

^iira^ = solidity of a sphere, 
3 
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Let the origin be now taken at A, when 

y» = i! {2ax - 0^), 
- a* 

and the solidity be determined. 

- Give also the cubatnre of a sphere directly, by using the equation 

218. Give also the cubatures of the following solids of revolu- 
tion: 

1. The right cone, v" = base X | of altitude. 

2. The paraboloid, v" = i circumscribing cylinder. 

3. The solid generated by a given portion of the common para- 
bola revolving about the tangent at its vertex, 

v" = I cylinder with same base and altitude. 

4. The solid, the bounding surface of which is generated by 
the curve whose equation is y* = - • 

5. The solid, -the bounding surface of which is generated by 
one branch of the cycloid revolving about its base. 



APPLICATION OP THE CALCULUS TO SURFACES. 

219. Since the equation of every surface expresses the relation 
between the co-ordinates of its points, it must contain three varia- 
bles, and may be generally written 

39 
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tt=F(ar,y,j;) = ^1); 

or since either two of these variables may be assumed at pleasure, 
and the remaining one determined from the equation, the latter 
may be regarded as a function of the other two, they being entire- 
ly independent of each other, and the equation of the surface be 
thus otherwise expressed, 

«=yi*,y) (2). 

In the equation of every surface considered, % will be regarded 
as a function of x and y ; and the co-ordinate planes will be taken 
at right angles to each other. 

The differential equation of a surface may then be obtained, 
either by differentiating equation (1), as in article (54), or by 
differentiating equation (2), as in article (49). By the latter 
method we obtain 



.(3). 



d« = T At + -- iv. 
dx dy ^ 



220. Let M be any point of a surface, a portion of which is re- 

/ presented in the annexed figure. 

The co-ordinates of this point 
are 

aj = Aft, y = AC, 2; = MP. 

Let a plane be passed through 
M parallel to YZ. For every 
point of this plane 

a? = A6 = ff" . 

n^ then, in the equation of the 
surface, we make x^=- a^* ^ and 
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suppose % and y to vary, they can only belong to points in 
the curve dM(2', the intersection of the plane and surface ; and if 
we suppose y to receive the increment CO' = k, we shall have, 
by Taylor's formula, 

N'Q' =/(*",y + *) = , + |i + ^^^ + &c, 

in which x is regarded as constant and equal to xf'. 

In the same way, if y = y'* in the equation of the surface, 
and % and x vary, we shall have the curve eMN, and if x 
receive the increment hV = A, 

NQ =f{x + A, /')=* + |tH- g ^ + &«.... . 

K now X and y at the same time receive the increments h and 
h respectively, we have, Art. (46), 

M.p' = «'=y(« + A,y+*) = . + |fc + g^ + &c. 

■ <^* ** J- J, 



or 



x' — X =2?A +yife + 1 (gA> + 2q'hk +g"*«) + (fee; 



by making 



rf« dar £?« . 

^=1', ^=1'', ^=? •*«• 
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When X =^ X- , equation (3) gives 

dz dz 

equations which evidently belong only to the section dMd' 
parallel to YiZ. 

If y = y", the corresponding eqnadons for the section paral- 
lel to XZ are 



dz dz 

dzz= — djc^pdx^ or -t-^^P (S)* 

dx dx 



dz 
The value of =- , equation (4), is the tangent of the angle 
dy 

which a tangent to the section dMd', at any point, makes with 

the axis of Y, or with the plane XY ; and -r- , equation (5), the 

corresponding expression for the section eMN; and since these 
angles are the same as those made by the curves at the point of 
contact, with XY, they give the inclination or slope of the surfiice 
in the direction of these curves. 



221. If it be required to find the slope of the surface at any 
point, as M, along the section MM' made by the plane MM'PP', 
we take the equation of this plane 

y =zax + 13 (1) , z indeterminate ; 

a being the tangent of the angle made with the axis of X by 

dy h 
the trace PP', and equal *o j^ = r * 

Kow in order that z shall represent only the ordinates of points 
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in the section MM', the relation expressed in equation (1) must 
exist between the variables x and y, and we must have 

dff = adx, ' 

which in equation (3) of article (219), gives 

dx ^ {p + ap*)dx. 

The limit of the ratio p^ is evidently the tangent of 

the angle (8) which the tangent, and consequently the curve at 
the point M, makes with PP', or with the pli^ie XY. 

But since "• • 



PF = VfQ* + PQ' = hVl + a", 



we have 



I * 

.N 



V ^-- ^ / , ^ 



MT' - MP 
PF 



2' — « 



hVl + o?' 






the hmit of which is 



_L= X ^ = -^=i:^ = tangS. 



To find the direction in which the section MM' must be made 
in order that the slope at a given point M, along the curve cut out, 
be greater than along any other, it is only necessary to obtain that 
value of a which will render the expression 



p + apf 



y 



a maximum, the values of ^ and p^ being taken at the given point 



^ /•V/'^'>2-^y^:< . 



V ,> 
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M. Differentiating the expression with reference to a, and placing 
the result equal to 0, we have 

- — u, 

(1 + «•)* 

whence 

P 

This value of a suhstituted in equation (1), (i^ being first deter- 
mined by the condition that the line PP' shall pass through P), 
will give an equation, which, combined with that of the surfiEice,' 
will determine the line oi greatest slope. 

>c 

222. The co-ordinates of a given point M, being a?", y", and «" ; 
the equations of a tangent to the section parallel to XZ at this 
point, will be 

and to the section parallel to YZ, 

% —. z^i •=, n{y — y"), a? = a?" ; 

dx d% 

in which m and n represent what —- and — , equations (6) 

ax ay 

and (4) of article (220), become, when ic", y" and %" are substitu- 
ted for a?, y and «. 

The line, of which the equations are 

is perpendicular to both of these tangents, and, of course, to their 
plane, which is tangent to the surface. This Une is then a nor- 



INTEGRAL CALCULUS. 811 

mal to the sur&ce at the given point. The equation of a plane 
passing through this point is 

A{x - «") + ^ (y-y'O + ^{^ - «") = 0- 

To make this plane tangent to the surface, it is necessary to in- 
troduce into its equation the conditions that it he perpendicular to 
the normal, which are 

A=:— mC, B=— nC; 

whence 

— m{x — a?") — n(y ~ y") + (z — «") = 0, 

dz^' dz" 

or suhetituting for m and n their values, -j— and -r-j-, , and 

reducing 

drf* dz!* 

di^(* - *") + ^<y - »") - (* - '") = ^ (!)• 

The equation and differential equation of the Ellipsoid are 
Mz" + ]Sry« + I^ — P = 0, and lAzdz + ISydy + Lxdx = ; 

whence 

d^_ _]^ dz" Ny^^ 

5^"" M2"' c?y""" M?"'' 

which in equation (1), after reduction, give 

lai"{x — a:") + Ny"(y - y") + Mz"(« - %") — 0, 

or since 



\ 
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- Lx"' - Ny"« — Mz"* = - P, 
Mw" + Nyy" + Lao" — P = 0, 
for the tangent plane to the ellipsoid at a given point. 

If M = N = L, we have, for the tangent plane to the sphere, 

vs" + yy" + «r" -J. R« = 0. 

The distance from any point of the normal to the point of 
contact is, -y ^y,ff :=.-«»w/i-:^"J 

D= V (a? - x")» + (y - y")' + (^ ~ «")' ' 



If « = 0, we have 

D = «'V 1 + w» + ««, 

for the distance from the point of the normal in the plane XY, to 
the point of contact. ' 



223. One surface is osculatorj to another, when it has with it 
a more intimate contact than any other surface of the same kind ; 
and the conditions which must exist in order that a surface, given 
in kind only, shall be osculatory to a given surface at a given point, 
can be determined by a method similar to that pursued in article 
(97). But from the nature of the case these conditions are more 
nuiJlerous and complicated, and their determination more difficult ; 
so much so as to render osculatory surfaces of little use in the 
measure of curvature ; hence another method has beeft devised 
which will now be explained. 
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Let M be any point of a surface, at which it is proposed to ex- 
amine the cuTvature. Let this point 
be taken as the origin of eo-ordinates, 
and let the normal at this point be the 
axis of Z, the axes of X and Y having 
any position in the tangent plane 
XMY. The equation of the surfece, 
• Art. (219), wiU be 



«=yi[a?, y). 



.(1). 




Through the normal let any plane ZMX', making an angle (p 
with the plane ZX, be passed ; it will cut from the surface a curve 
MO. For any point of this curve, as O, denoting the abscissa 
MX' by a/, we shall have 



a? = a?' cos 9, 



y = 0?' sin (p....*....».-j(2). 



and these values, substituted in equation (1), will evidently give 
the equation of the curve referred to the two axes MZ and MX'. 
Now by varying the angle 9, all the normal sections at the point M 
may be obtained, and by examining the curvatures of these' differ- 
ent sections at the given point, an accurate idea of the curvature 
of the surface may be formed. 

The general expression for the radius of curvature of one of 
these sections, Art (105), may be put under the form 



.1 



1 + ^) 



1^* 



.(3). 



Differentiating equations (2), we have 

dx = dx' cos 9, dy = dx? nn 9- 



•W; 
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and substituting these values in equation (3), Art. (219), 

dz 
dx = pcQS (pdxf + ^' sin qjcLr:', or — = ^cos(p + j^ sin ^ (5). 

Differentiating again, recollecting that p and pf are implicit 
functions of a/, we have, Art. (220), 






=^,{,^^t%Y^,{i%*i%y 



dx du 

or since equations (4) give -— - = cos 9 and -JL. == sin 9, 

doF dxr 

-—5 =: j' 008*9 + 2q' COS9 sin9 + 5^' sin'q) (6). 

If these values of --— and -—5. be substituted in expression (3), 

ds^ dxf 

we shall have the general value for the radius of curvature of any 

one of the normal sections. But as we only desire this value for 

the point M, we may first substitute the co-ordinates of this point, 

which are 

x^' = 0, y" = 0, «'*' = ; • 

and since the normal at this point coincides with the axis of Z, we 
must also have, Art (222) 

^=.0,- |1=0. or ^ = 0, ^ = 0. 

I 
\ 

substituting these values in equations (5) and (6), and the results 
in equation (3), we obtain 

"~ q cos'9 + 2j^ COS9 sin(p + ?" sin^9 
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in which g^ g' and q^' are what the partial differential coefficients 
of the second order of the function z become, when is substituted 
-for Xj y and z. 

Dividing by cos' 9 and recollecting that — -— = 1 + tang^ 9, 

cos 9 

this value may be put under the form 

R = ^ +tang'(p .gv 

q r\- 2q' tang 9 + ^" tang* 9 

We have taken the positive value of R, Art. (105), since, as the 
surface is represented in the figure, the sections are above the axis 

(Pz 
of X' and convex towards it ; —^ must therefore be positive. Art. 

CLX 

(83), and the value of R positive, as it should be when laid off 
from M above the plane XY. If the section at the point M lies 
below the plane XY, it must still be convex towards this tangent 

plane ; -^- will be negative, and R negative, and must therefore 

be laid off from M below XY. 

By assigning all values to 9 from to 360° in equation (8), we 
shall obtain a value of R for each normal section. Among these 
values there must be one which is greater, and another which is 
less than all the others. The values of 9 which will give these 
principal values of R will be obtained as in Art. (66). 

Differentiating equation (8), we have 

dR __ 2{q' tang* (p -\- {g — q") tang 9 — q') 
d tang 9 ~~ {q -\- 2q* tang 9 + 5'" tang* 9)'^ 

K the denominator be placed equal to 0, we shall obtain values 
of the tang 9, which, when real, will reduce the value ,of R to in- 
finity. The curvature of the corresponding section will then be 
zero, and the section itself a right line, or the point 'M a singnlur 
point. Art. (92), cases which do not occur in all surfaces. Let us 
then place the numerator equal to 0, we tl^us have 
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tang*9 + ? ?-taiig(p — 1 = (9). 

This being either of the first or second form of equations of the 
second degree, the roots will always be real and their product 
equal to — 1, that is, denoting them by tang q?' and tang 9" 

tang 9' tang 9" + 1 = ; 

hence the normal planes in which the greatest and least radii of 
curvature are found, must be perpendicular to each other. Their 
exact position will be determined by solving equation (9). 

The values of tang 9' and. tang 9" being determined and the 

traces of the normal planes con- 
structed as in the figure ; let us 
take MX'' as a new a^ of X, 
and MY" as a new axis of Y, 
and suppose the surface to be re- 
ferred to them with MZ as an 
axis <^ Z. Then we must have 
for these new axes 

tang 9' = 0, tang 9" = 00 , tang ip' -|- tang 9" = a> , 

which requires in equation (9) that q' = 0. Substituting this 
value of q' in equation (7), we have 



z 




R = 



q cos' 9 -h q*' sin* 9 



.(10). 



Snbetitutang in this tke values of 9, corresponding to the maxi- 
mum and TniTiiTniiTn radii as above determined, viz. 9 = and 
9 = 90^, and denoting the values of the principal radii thus deter- 
xnmed by R' and R", we have 
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T F 

and finallyfrom eqnstioD (10), 

— = ffcoa'p + g"Bm'T = - oofl'ip + ^sin*?, 

which eipresaes the Teciproca! of the radius of curvature of any 
normal section, in tenns of the principal radii and the angle f > 

If B' and R" are both positive, all values of R will be positive, 
and the greatest of the two will be a maximnm, and the least a 
minimum, and all the normal secldons at the point M will lie abov« 
the plane X¥. 

If R' and E" are both negative, the sections will lie below XY. 
If one is positive and the other negative, a part of the values of R 
will be positive and a part negative, and a part of the sections will 
be above and a part below the plane XY, and this plane will cut 
the Bur&ce at the point M, giving a point analogous to the point 
of inllesion. Art. (92). 

If R' ^ R", all the values of R become equal to R' or R", 
and the curvature -of all the sections will be the same ; as at any 
point of a sphere, or at the vertex of a surface of revolution, 

' ^*/224. 'To ^tehnl^e^ f eGe?^eV^s^ foWhe^^^ty Jstny 
^olid; denote the solid AiPc-MZ, incrfded 
by the surface, the co-ordinate planes and 
the parallels ece' and dM', by v. Since, by 
the equation of the bounding surface, t 
will always be given in terms of x and y, 
. the solid may be regarded as a function of 
X and y. Let x be increased by A, y re- 
maining the same, we shall have the solid 
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ax oar 1.2 



If y be increased by k, and x remain unobanged, 'vre ^ball have 
lihe solid 

dy ' dy* 1.2 

If now X and y be increased at the same time by the variables 
k and k respectively, we shall have the solid whose base is 
cPftJ'Fc', or 

I 

4 

dv d^v 

Subtracting the sum of the first two, from the last, we have 

8oltd PQFQ' - MM' = —^ U 4- t-^ttt- ^'* + ^c 

dxdy 1.2d3rdy 

If through M and M', planes be passed parallel to XY, two par- 
allelopipedons will be formed, having the common base PQP'Q' 
and the altitudes MP afid M'P' ; the limit of the ratio of these 
solids will evidently be equal to unity, and since the solid 
PQP'Q'^MN is always less than one and greater than the 
other, the limit of its ratio to either will also be imity. Art. (85). 

The solidity of the first parallelopipedon being ^.MP, we have 
the ratio 















■a. 



L 



v/ • . -« 






*-/ ^t^ ^ 
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and passing to Uie limit 



V- > *. * «• " i 



L = ^=l; 






dxdtf ' 



or 



(i)_ 



d« =' ^ 



Integrating with respect to jt, 



(!)=«'*• 



|=/zd. + T. 



From this 



dv = dy/zdx + Ydy. 



Integrating both members with reference to y, 

V =zfdyfzdx +fYdy + X, 

or Art (164), 

V zizfhdydx +/Ydy + X. 

Since the integral yziir + Y is evidently the area of one of the 
parallel sections as^ eM^ ; to obtain the whole solidity represented 
in the figure, we must first take the integral between the limits 
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« = and a; =^ ce' , and then the second integral between the 
limits y = and y = AY. 

To illustrate, let us determine the solidity of the pyramid 
ABD - C ; the equation of the plane BDC, being 

« + 2y + 8«— 2 = 0; 




whence 



z = 



2 — 2y — a; 
3 



The equation of DC is 



a: + 2y = 2, 



or 



a? = 2 — 2y, 



AD = 1, AC = 2, AB = -, 



V =:/*zdxdy =i/d^fdx 



(2 — 2y — a;) 



Integrating with respect to x^ 



or taking the integral between the limits -^ X -- ^ " ^'^j ^- r -v - .- — 



yi 
» 



a: = and a? = ce' = 2 — 2y, , ' , ^ o T 

4 -"^^^j 'i'^ yy^^-^ 



Integrating now vith reference to y, between tiie limits 



-^ . 



c 






• » 



t » 






'^ ^ 
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y = and 
we obtain for the solidity 



4 1 2 , _ 2 

V = — = ~ X - X 1 X - 

18 2 3' 3 



y = AD = 1, 



iABx ADxIaC 
2 8 



ft21 



= BAD X - AC. 




226. Let BMM' be any curve in space, and B'PP' its projec- 
tion on the co-ordinate plane XY. 
Let the plane of the curve MM' 
make an angle fi with the plane 
XY, and let its intersection with 
that plane be taken for the axis 
of X. Then, if the ordinate MQ 
be denoted by y', the area of the 
curve MM' will be 

8 z=fy'dx, Art (203). ^ 

But any ordinate PQ of the projection is plainly equal to 
the corresponding ordinate MQ of the curve multiplied by 
cos MQP = cos i8, or 

^ y = y' cos ^ ; 

hence the area of the projection B'PP', denoted by S, is 

S =y*yrfx =/y'cos ^ dx = coa ^fy'dx = cos/3*; 

that is, the projection of any plane area is equal to the area multi- 
plied by the cosine of the angle included hettoeen its plane and the 
plane of projection. 
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226. Now, let u denote the area of any curved surface. It will 
be a function of x and y. By a prdcess identical with that of 
Art (224), we shall find the surfiEu^e 



>°''™'=^,"+^S+*' 



(1), 



If a tangent plane be drawn at M, and the four planes PN, 

QM', &c, be produced, they will form on the 
tangent plane the parallelogram MORS* 
The limit of the ratio of this parallelogram 
and the surface MNM'N' will be unity, as 
may be proved by a process similar to that 
pursued in article (89). 




7 »" 



->^*' 



The area of the parallelogram is equal to 
its projection PQP'Q' divided by cos )S ; )3 
being the angle which the tangent plane makes with XY. But 
p i^ also the angle which the normal MR' makes with MP or the 
axis of Z ; hence 



cos /3 = 



Vl +m* + n*' 



— m and — n representing the tangents f — -r- and "~ j- ) o^ t^« 

angles which the projections of MR' make with the axis of Z, 
Art. (222) ; hence 



area MORS = 



PQP'Q' 

cos 13 



hk 



= JWfcVTT^wT+V. 



V 1 + w* + n* 



Dividing equation (1) by this, we have 
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MNM^N^ _ dxdy ^ d^dy 1.2 
MORS ■" Vl +»i' + n* 



Passing to the limit, we have 






whence 



<ftt = dxdyV\ + rr? + n\ 



and 



u ^zJ^dxdy^X + w* + w*. 
For the sphere, we have 



whence 



"^ -. - , Vh.^. fc^-d-^-^ 4ic* U-- •**. 

— ss — •— - = - srr W, /* ' ' • ^ 

rfy z VR* — a?" — y* C^-v^^^ * v • ' w, 

, R 

V 1 + «** .+ »* = 



V^R» - ar» - 



r 



and 



/Bdxdy 









/ 



J C-<„ W A. * .' *•- 



/ 
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Making -v/R* — y* = R', and integrating with reference to 
X, we have 



u =/Bdyf. 



dx /•Tk j> • ^1 ^ 



VR'*- «• 



=/Rdy sin-*-- 



»' 



=/IWy (sin-'. 



•v/^"=V 



+ Y). 



Taking the integral between the limits, 



^ = and 



x=: ce^ =^ VR* — y*, 



we have 




Integrating again, with reference to y, we 
have 

R^ I r^ 



and between the limits y = 0, y = R, 



u"^^ 



for one-eighth of the surface. The entire surface is then 



4-rR*. 



PART III. 



CALCULUS OF VARIATIONS. 



FIRST PRINCIPLES. 



227. A function may be regarded as giv«n, when the form of 
the algebraic expression, which determines the relation between it 
and the variable or variables, is given, and the constants which 
enter this expression are known. ' 

In this case, the only change which the function can be made 
to undergo, is that which arises fi*om a change in the variables. 
When these variables receive infinitely small increments, the cor- 
responding infinitely small increment op change of the function is 
taken for tM differential of the fuivctionj Art. (91). All our pre- 
vious applications of the Calculus have been made to functions of 
the kind above referred to, aad the term differential can, with pro- 
priety, be applied to no other change. 

It will at once be seen, that if a funddoik be not given as above 
desciibed, but merely subjected to certain conditions, it may be 
made to undergo a change by altering the relation which exists 
between it and the variables ; and this may be done by changing 
either the form of the expression or the constants which enter it, 
in any way consistent with the given conditions. Now if such a 
change be made as to give another function consecutive mth the 
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firsts the infinitely small change which the first undergoes is called 

its variation, and the corresponding changes of the variables are 

their variations. 

The difterence between the terms " differential" and " variation,'* 

will be made more plain bj geometrical illustration. 

Let BC be any curve, a function of x and y, of which M and M' 

are any two consecutive points, the co-ordinates of M being x and 

y. Now if the constants which deter- 
mine the curve be changed in any way 
so as to give a different curve B'C, tw- 
finitely near to BC, and so that the 
pointy M and M' shall take the posi- 
tions m and m', Pp will be the variation 
of X and mB the variation of y, while 

PP' is the differential of x and M'Q the differential of y. Art. 

(91)- 

The conditions under which the variation is made, may be such 

that one of the variables will have no variation ; and when this is 

the case, the operations to be performed will be much simplified : 

Thus, if it be required that the points 

M and M' shall be found in lines parallel 
to the axis of Y at m and m\ Mm will 
be the variation of y, while' x has no va- 
riation ; the differentials of x and y being 
PF and M'Q as before. 

As the differential is denoted by the symbol d, the Greek char- 
acter J is used to denote the variation, and from the illustrations 
just given, it appears that while the former symbol denotes the 
changes which take place in ptissing from one point to amotker of 
the same curve the latter is used for a very different purpose, to 
denote the changes in passing from points of one curve to the oor- 
respondmg points of another infinitely near to it. 
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228. From the nature of the term as above explained, we -see 
that to' obtain the variation of any function of Xy y, z, kc^ we have 
only to put for a*, y, 2, &c., x •\- 6xy y + Jy, <fec., and then take, 
as in the Differential Calculus, Art. (49), those terms of the devel- 
opment which are of the first degree with reference to the varia- 
tions of the variables : Or, since the development may be made 
precisely as in Art. (51), by substituting ^x, dy, &c., for A, k^ &c^ 
it is plain that we shall have 

6u = -Sx -f- ---$y -j- --5« -f- &c 
ax ay dz 

It is also plain that the principles contained in articles (13) and 
(15), as also the particular rules demonstrated in articles (18) and 
(25), are equally applicable to variations. * 

229. In the function 

« =/(*) • (1), 

let us substitute x + 6x for x, and d^iote the new function by 
f{x) ; then by the definition, Art. (227), 

5u=.f{x)^f{x),..^. (2), 

and since from the relation expressed in equation (1), a; is a func- 
tion of tt, the second memlber of equation (2) will be a function of 
tt, and we may write 

* 

6u = 9(tf).....^ (3). 

If in this equation we put for u, u + du = «', we shall have 

Su' = 9(tt') ; 

subtracting equation (3) 
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But 

and taking the variations, Arts. (13) and (18), we have 

6u' — ^tt = 8du\ 
henoe 

idu = dSu (4). 

That is; the variation of the differential of a function, is equal 
to the differential of its variation : Or when both of the symbols 
d and S are prefixed to a function, the order' in which they are 
written, or in which the operations indicated are performed, can be 
changed at pleasure without affecting the result. 

The principle above enunciated is true for any order of the dif- 
ferential ; for if in equation (4) we put du for v, we have * 

6d(du) = d$du or 6d^u = dd6u == d^$u. 
If in the last equation we put du for u, wfe have 

8d*(du) = d^Mu, or Sd^u = d^6u , 
and so on ; hence we may conclude that, - 

6d'*u = d'*6u . 



230. Let V be any differenti^il of a function of Xy and place "^ 

fv = «', then di/ = v, 

ddv* s= 6vj or d6v' = 6vf 
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and by integratioii 



61/ =:J'6v, 



or 



6fv ^/Sv. 



The principles demonstrated in this and the preceding article, 
are evidently true for functions of any number of variables ; since 
the vari/ition of the differential of such a function is but the sum 
of the partial variations, and the converse. 



231. In order to consider the subject of variations in its most 
general sense,* when applied to differential expressions, we must 
regard the differentials of all the variables as variable, as well as 
the variables themselves. In this sense, if u be a function con- 
taining X, y, and their successive differentials, we shall have. 
Art. (228), 



.(1). 



+N5y + N'5rfy + WS(Pf/ + Ac. 



in which M, M,' M" <fec. are the partial differential coefficients of 
u taken with respect to x, c?ar, cPx, <fec. ; and N, N', N" &c., the 
corresponding ones taken with respect to y, rfy, d^y, &c. ; and if 
this expression be first extended to any number of variables, by 
adding for each an expression of the form 

mx + WSdx -f W'ScPx -f 4rc. 

it may then be made to give every particular case which can 
arise, by making the particular suppositions upon dx, d^x^ dy, 
d^y, &c., which the case requires. 

We often meet with differential expressions containing only the 

variables a?, y, ^ =z p, ^ =z q^ &c. If we denote such expression 

by V, we shall have, as in Art. (228), 
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$v ==: mx + my -f N% + N''^^' + <fcc (2). 

And if this expression hp taken in its most general sense, dx must 
be/ regarded as variable, in which case we put for dp, dq, ^c, their 
values obtained as in Art. (24), viz., 

^ __ jdy dxSdy — dySdx __ ddy — pd6x 

dx da^ dx ^ 

. .dp dxSdp •— dpddx d8p — qd$x 

dx dx^ dx 

J!£ dxhe regarded as constant, equation (2) is under its most 
simple form. 

232. If tt be still regarded in its most general sense, we have, 
Art (230), 

and by the preceding article, 

fSu = f{MSx + WSdx + WSdJ^x + <bc.) 

(1). 

±/{my + W$dy + N'Mcf'y + "Ac.) 

By the application of the rule for integrating by parts, we find 
fW6dx =zfWd6x = W6x -^fdi/L'Sx; 
fW'dd'x =fWd?^x = W'd^x '-'fdMi"dSx 

= WdSx — dM''6x +fd'W6x ; 
/WSd^x =fM'"mx = Wd^dx -'fm"'d^6x 
= W'd^Sx - dM'f'ddx +fdm'''d6x 
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Also 

fW6dy = Why -fdN'^y ; 

fWSiPy = N'"£p5y — (fN'"% + c^^N'^ay -fcPN'"Sy. 

Observing that the second member of equation (1) is equal to the 
sum of the integrals of the terms taken separately, and substituting 
the above values, we obtain, 

Ru = (M' — aM" + (PM'" - &c.) 6x + (M" - dM'" + &c.) dSx 

+ (M'" — &c .) d^Sx + &c. 

+ (N'" — &c ) d^By + Ac. 

+yi[M - <iM' + dM" - rf»M'" + Ac.) bx 

(2). 

+/(N - dN' + rf«N" - d»N'" + &c.) 6y. 

By examining the above expression, it will be seen that there 
is no term under the sign f which contains the 'symbols d and 6 
applied the one to the other; and also that the^parts containing 
6x are exactly similar to those containing by. The formula 
may therefore be extended to any number of variables, by 
adding for each new variable similar parts containing its variation. 



233. It should be remarked, that if the multipliers of 8x and 
5y following the sign/, in equation (2) of the preceding article, 
are both equal to zero ; f6u will be complete, or du will be the 
differential of some function. But in the expression 



« 



\ 



4 
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it is evident that if fu contain any terms which can not be freed 
from the signy, 6fu must contain the variations pi these terms 
still under the sign, and f6u can not be complete. Hence if ^u is 
a differential, u itself must be so. And conversely ; forifyu is 
entirely freed from the signy^ then 6fu can not contain this sign, 
and its equal fBu must be complete, or ^u be a differential. 
Henoe if the conditions 

M - cM ' + (l»M" — &c. = 

N «. dN' + £?N" - Ac. = 0, 

are satisfied, u will be the differential of some function, which may 
be obtained by integration. 

234. Let us now take the expression yW«, in which v, as in Art. 

(231), is a function of ar, y^ jo, q^ <fec., we have, Arts. (19) and (127), 

f 

^fvdx z=z JZ{yda) -=^ fv^dx +/dx$v. 
But, Art (140), 

Jv6dx = /vdSx == v6x —• /dv6x ; 

henoe 

S/vdx = v6x + f{dx8v — dv$x) ....(1). 

Substituting in that part of the second member which follows 
the signy^ the values of dv and 6v, Arts. (51) and (231), 

dv = Mdx + Ndy + N'<ip + Wdq + &c.; 

Sv = U6x + my + W$p + WSq + <kc.; 
wehave 
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dx$v — dvSx = N(dK6y — dy6x) + W{dx$p — dpSx) 

+ W^dxSq - dqSx) + ic (2). • 

Since dy = /xfo;, we have 

dxdy — dy^ir = dir( Jy — pSx) = wda?, 

\ 

by making ^y — p6x = w. 

Also, if for dp we put its yalue, Art. (231), we have 
dx8p — dpSx = (Wy — pd6x — dp$x = d(6y — ^a?) = (iw. 

If in this last expression we put p for y, aad q forp^ and recol- 
lect that q =z J^ we have 

da? * 

dx&q - dqSx = diSp - qSx) = rf/^^X.^'j = df^\ . 

Substituting these values in equation (2), and prefixing the sign 
J] we have 

J{dx5v - dvSx)=/No}dx +/N'(2w +/J^''d(^\ + Ssc (3), 



"<!) 



Again by Art. (140), 



J dx 
oa? dx J dx 

dx dx J dx\dx j 

Now substituting these expressions in (3), and the result in (1), 
we obtain 



/ 



I 



dd4 



^fvdx =■ v6x + 
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+ &C.V + (N" - <kc) ^ +<kc. 






y dx 

If we now put for o its value 6y — jpdx, the part affected widi 
the 8igny*will become 

y*(N — - — + &c)dxSy — y(N — [- &ci)pdxSx, 



From which we see that, in this case, the coefficients of Sx and 
^y have such a relation that if one becomes equal to zero the other 
will. ' 



235. The principal, and far the most important application of 
variations, is to the determination of the maxima and minima of 
indeterminate integrals, that is, of integral expressions of the form 

/VS?~+dy*, frfdx Ac, ' 

containing ^, y, Ssc, and tiieir differentials, in which the relation 
between the variables is entirely unknown. Thus, if it be required 
to determine the relation between x and y, in order that fnc^dx 
taken under certain conditions, shall be a maximum or minimum, 
the problem is one not capable of solution by the ordinary method 
of article (66), since the principles there developed require the 
form of the function to which they are to be applied, and the Con- 
stanta which enter it, to be given ; whereas the object now pro- 
posed, is to ascertain what this form and these constants must be, 
in order that the expression, when subjected to the given condi- 
tions, shall be a maximum or minimum. Questions of this kind 
are readily solved by the aid of variations. 
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296. Let u be a function of the nature discussed in Art. (231), 
and suppose x, dx'y^dy, kc,^ to be increased by their variations, 
and let the difference between the corresponding'function u' and u 
be developed, which is done at once, by putting ^x, 6y, Mx^ d;c., 
for hy kj I, <fec., in the development of Art. (51), we shall thus 
obtain 

«' — ti = USx + T^Sy + M'(Jdaj + WSdy + &c, 

« 

plus a term of the second degree with respect to dx, %, &c. ; plus 
other terms. 

By the same course of reasoning as that contained iii Art. (74), 
we see that u can be neither greater nor less than u\ for all values 
of ^x, 5y, <fec., unless the term, of the first degree with reference to 
these variations, is equal to zero. But this term. Art. (231), is the 
variation of u : Hence in order thai ube a maximum or mini- 
mum, 8u must he equal to zero, 

K the conditions which make the variation of u equal to zero, 
make the term of the second degree, in the above development, 
positive, for all values of 8x, Sy, &c., u will be a minimum ; if nega- 
tive, u will be a maximum. The discussion of the various circum- 
stances ih which this term will not change its sign, is of too com- 
plicated a nature, and likely to lead too far, for an elementary trea- 
tise. Neither is it necessary, in general, as we shall be able, from 
the nature of nearly every case, to determine without a reference 
to this second term, whether we have a maximum or minimum. 

23*7. In the application of the foregoing principles to the inde- 
terminate integrals referred to in Art. (235), it may at first be re- 
marked, that if the integral be indefinite. Art. (132), from its nature 
it can have no maximum nor minimum. The application can then 
only be made to definite integrals, or those which are taken be- 
tween some well defined limits. 

If then, it be required thatyw be a maximum or minimum, we 
may write the variation of/w, Art. (232), thus. 
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6fu -=- J^u = m^x •\- ndy + m'Mx -f- n'6dy + Ac, 
+ f{k^x + k'6y) (1), 

and this when taken between the prescribed hmitis must be equal 
to zero. 

We have seen, Art. (233), that this expression can not be in- 
tegrated unless -the quantity following the sign f is equal to zero : 
That is, there can be no integral to be taken between limits, and 
of course, no maximum nor minimum. We must then have for 
the first condition 

hdx + k'^y = (2), 

and since, in general, this must be so for all values of ^x and 6yy 
which are independent of each other, we must also have 

A? = and it' = 

or, Art (232), 

M — cfM' + cf«M" — &c. = 

(3). 

N - dN' + rf«N" - &c. = 

Again ; if we denote by I and V the results obtained by substitu 
ting the limits in succession, in the remaining part of equation (1), 
we must have for a second condition, 

Z'-Z = (4). -f 

Should there be more than two variables in the function u, the 
quantity following the sign f in equation (1), will consist of as 
many terms as there are variables, each of which^ if the variations 
are independent of each other, must be placed equal to zero, and 
will thus give an equation expressing a relation between these 
variables and their differentials. 
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If^ however, the conditions under which the variations are made 
are such as to render these variations in any way dependent, we 
shall be able, by means of the equations which express these con- 
ditions, to eliminate from equation (1), one or more of these 
variations ; then by placing the coefficients of those which remain 
under the sign f, equal to zero, we shall have a system of equa- 
tions from which we may determine the nature and extent of the 
required function. . The system of equations (3) will, in every 
case, express the relation which must exist between the variables 
and their differentials, in order that the function shall be a maxi- 
mum or minimum, but they must .be subjected to the conditions 
deduced from the equation 

Z' - / = 0, 

which can, of course, contain no variables except those which belong 
exclusivelv to the limits. 

Where u is under the form vdx, it has been seen. Art. (234), 
that the two equations (3) will both be satisfied, if one is. They 
will therefore give but one independent equation. 

The solution and discussion of the following problems will serve 
to illustrate and more fully develope the preceding principles. 



238. Problem 1.— Required the nature of the shortest line 
joining two given points in a plane. 

Let a/, y', and ar", y", be the co-ordinates of the points. The 
general expression for the length of the line, Art. (197), is 



Taking the variation of this, we have 



43 



*-"=/(^'+^0 
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which upon oomparison with equation (1), Art. (231), gives 
M = o, N = 0, M' = |. N' = |, 

and all the other terms equal to zero. Hence equations (3), of 
the preceding article, become 



d 



(S)=» 



whence by integration, 



and d 



©="■ 



dx 
dx "" 



dz. 



Eliminating dz and integrating again, we have 



• >• 



dy = - rfa? = adxj y = cw? -f h (1), 

c 



which gives the required relation between y and a?, and indicates 
that the line must be straight. 

The first part of equation (2), Art. (232), becomes 

WSx + N%. 

Since in this case the limits x' y' and xf' y" are absolutely fixed, 
we must have ^x'^ dy', <fec., equal to zero, which being substituted 
in the above expression give 

M'^a:' 4- NV = ' W8x'' + N'V = 0, 

whence results the fulfilment of the second condition 
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and it remains only to detennine the constants a and 5, in 
equation (1), on condition that the line shall pass through the 
two given points. 



239. Problem 2. Required the shortest line that can be 
drawn from one given curve to another. 

' Let 

y=M and y =f{x) 

be the equations of the curves, their differential equations being 

dy =z p^dx dy=f^^dx (1). 

As in the preceding problem, we have 

from which is deduced, precisely as before, the equation of the 
required line 

y^zax-^- I (2). 

But since the ends of this line must be in the given curves, the 
variations of x and y, at the limits, must be confined to' these 
curves, that is, 5y', ^x\ ^y", 6xf' must be the same as dy and dx 
in equations (1), whence 

^yf = jp'^a? 5y" = j/'6x". 

Substituting these, in succession, in the first part of equation (2), 
Art (232), and subtracting the results, we must have 



/ 



» 
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and since this contains two independent variations, it can only be' 
satisfied by making the coefficients separately equal to zero ; hence 



whence 



dx! + dyy = 


dx' 


dy' 1 
dx' p' 


dy" 
dx" 



dx ' + dy'y = 0, 



P" 



But these are the equations of condition that the required line 
shall be normal to both curves at the points {x^ y% (x'* y"), res- 
pectively, Art. (81). 

In order to determine the constants a and h in equation (2), we 
must first find the values of «', y', a?", y", on condition that the 
normal to the first curve at the point (a;', y') shall also be normal to 
the second at the point (a/', y"), and then cause the line to pass 
through these points. 



240. Problem 3. — ^Required the shortest line, on the surface of 
a sphere, joining two given points of the surface. 



Let the equation of the sphere be 

ic^ + y"* + 2* = R'- 



.(1). 



The general expression for the length of a line joining the two 
points will be. Art. (91), 



, w =/V<ir* + rfy^ + d«*, 

the variation of which is 
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" - /(: 



*■• = rr^ + 1** + s"^> 



whence, by adding an equation containing ^% to those of Art. 
(233), and comparing, we find 

M' = — N' = ^ F = — 
dHo dw dw ' 

and thence the first condition required in Art. (237), 

"(£> * ■'(i> + "(!> = » » 

But in this case the variations must be confined to the surface 
of the sphere, that is, taking the variation of equation (1), we must 
have 

2xBx + 2y(Jy + 2zh = 0. 

Combining this with equation (2), and eliminating ^2, we obtain 

which, containing two independent variations, gives 



zd 



\dw J \dwj \dw) \dwj 



i 

Now if we regard dw as constant, these equations become 

zd?x — xd?% = zd^y ■— yd^z = 0, 

# from which we deduce • 

^y — y^x = 0. 
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Integrating the last three equations, we have 
zdx — acdz = a, xdy — ydz = 5, xdy — ydx = c. 

Multiplying the first by y, the second by — «, the third by «, 
and adding, we obtain 

ay — hx + cz = (3), 

which is the equation of a plane passing through the centre of the 
sphere. The required curve must lie in this plane, and therefore 
is the arc of a great circle. 

The limits in this case, as in problem. 1, being absolutely fixed, 
we have at once, as in that problem, the fulfilment of the second 
condition 

Z' - / = 0. 
Equation (3), may be put under the Ibrm 

— y X + 2 = 0, or a'y — 6'ic + 2 s= 0, 

c c 

and the constants a' and b' determined, by causing the plane to 
pass through the given points. 

241. In many cases where there are conditions confining the 
variations, whether at the limits or not, the method of reducing 
the number of independent variations explained in Art. (237) and 
pursued in Arts. (239-40), will be found of very difficult applica- 
tion. In all these cases the foUowhig less direct, but very elegant 
method may be used. Let 

4 

r = 5 = Ac. 

be the equations between .a;, y, Ac., expressing the conditions 
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to which the variatioiis are subject ; then at the same time that 
we have 



hju = 0, 



we must also have 



5r = 



^8 = 0, &C., 



or denoting by c, c', <kc., arbitrary constants^ we must have the 
equation 

<5/« + c^T + c'^« -f &c. = (1) 

for all values of the variations of a?, y, &c. Placing the coefficients 
of these variations separately equal to zero, we obtain equations 
from which we can eliminate the constants c, c\ <&^c., and thus 
deduce an equation or equations which will express the proper 
relation between a?, y^ <&c. As an illustration let us take, 

Problem 4. — Required the nature of the line, of a given length, 
joining two points, which with the ordinates of the points and 
axis' of X, will inclose the greatest area. In this case we have, 
Art. (203) 

^Ju = ^fydx, 

and since the length of the arc between the limits is to be constant, 
the variations must be subject to the condition 



fdz —f^/dix? + df ^ a\ 



hence 



dfVdx" + df = 0. 



Equation (1) will then become 



